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Abstract: Inspired by the connection between (1 + 1)D ”vicious walks” (VW) and 2D
YM theory, we consider different incarnations of large-N Douglas-Kazakov (DK) phase
transition in stochastic processes and in gauge field theories focusing at its physical inter-
pretations. We generalize the connection between VW and YM, and study the influence
of initial and final out-of-equilibrium distributions of walkers on the DK phase transition,
as well as describe the effect of θ-term in related stochastic processes. We consider the
Jack stochastic process involving Calogero-type interaction between walkers and find the
dependence of the transition point on the coupling constant. Using the relation between
large-N 2D q-YM and extremal black hole (BH) with large-N magnetic charge, we conjec-
ture the physical interpretation of the DK phase transitions in the 4D extremal charged
black holes and its relation to Brownian branes. Utilizing the interpretation of superflu-
idity as the specific response on the external graviphoton field, we suggest that a kind
of superfluid component is formed during the evolution of out-of-equilibrium initial state
above DK transition in the instanton-driven strong coupling phase.
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1 Introduction
The third order phase transition, known now as Douglas-Kazakov (DK) transition, was
comprehensively studied for the first time in [1] in the large-N two-dimensional Yang-Mills
(YM) theory on a sphere. It was understood that this transition is the reincarnation of
the Gross-Witten-Wadia phase transition [2, 3] in the lattice version of the gauge theories.
In the matrix model framework, the DK transition results in changing the density eigen-
value support: below the transition point, the density enjoys the one-cut solution, while
above the transition it has two-cut solution corresponding to an elliptic curve. Near the
transition region, the eigenvalue density is governed by the universal Tracy-Widom distri-
bution. In terms of the 2D YM theory on the sphere S2, the phase transition occurs at
some critical value of the radius of a sphere, Rc. It has been found that the YM partition
function is dominated by the zero-instanton charge sector at weak coupling regime (below
the transition point), while at strong coupling (above the transition) instantons dominate
[4]. Similar phase transition was found also for the Wilson loop in the 2D YM theory [5].
The DK-like phase transition occurs also in deformed topological theories, where the
behavior is more generic. For example, similar phase transitions have been found in 2D
YM theory on the cylinder and disc [4]. In these cases the phase transition points strongly
depend on the boundary holonomies. Quite recently, the generalizations of the 2D YM to
the 2D q-YM [6–8] and to the 2D (q, t)-YM [9, 10] were developed, and a very rich structure
of the DK-like phase transitions has been found. In these cases, the transition points
again separate different phases: the ”perturbative” and the ”strong coupling” instanton-
dominated phases. However, if in the ordinary DK transition one has single transition point,
in deformed case one sees multiple transitions driven by different types of instantons.
Along the text we exploit the relations among three physical problems: i) Directed
vicious random walks (VW) in (1+1)D with different initial and boundary conditions [11,
12]; ii) Deformed large-N topological field theories in 2D and 3D space-time [13–15]; and
iii) Entropy of the extremal (i.e zero-temperature) charged black holes (BH) in 4D at large
magnetic charge [16–18]. Motivated by the DK phase transition in 2D YM, we address in
this paper few physical questions:
• The DK transition occurs in collective constrained thermal Langevin dynamics of
Dyson particles on a circle. Is the meaning of the DK phase transition (if any) for
stochastic quantization the same as for the thermal dynamics?
• How could we understand physics of DK transition from different viewpoints: as
”orthogonality catastrophe” and as hydrodynamics description of ”closure of the
gap”?
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• What is the physical meaning of the DK transition in the black hole? What happens
with magnetically charged extremal BH at transition point and what is the physical
interpretation of stochastic dynamics for extremal magnetic BH?
• Is it possible to form a kind of superfluid component at strong coupling above the
DK transition in the hydrodynamical description?
These questions are considered in this paper for which we provide some answers and
conjectures paying especial attention to the physical interpretation of the phenomena. It
should be emphasized that we discuss two types of stochastic processes along the text. The
first one concerns the standard thermal Brownian dynamics with the diffusion coefficient
proportional to the temperature. This stochastic process is described by the Langevin
equation, for which the probability distribution satisfies the standard Fokker-Planck (FP)
equation in the Euclidean time which, in turn, can be transformed into the Schro¨dinger
equation for the many-body quantum system of interacting point-like particles. The most
popular relevant stochastic processes are: i) the Schur process (vicious walkers or free
fermions); ii) the Jack process where the degrees of freedom interact as Calogero particles;
and iii) the Macdonald process in which the degrees of freedom interact as particles in the
Ruijsenaars-Schneyder system (see [19] for review). Another important role the random
processes play in the stochastic quantization hold for any system with finite number degrees
of freedom, or a field theory [20]. In stochastic quantization the quantum correlators are
evaluated via the solution to classical stochastic equations in an additional ”stochastic”
time. The quantum correlators describe equilibrium states of the stochastic system at the
infinite stochastic time. The parameters of the Fokker-Planck equation corresponding to
stochastic quantization have different meanings: the diffusion coefficient is now identified
with the Planck constant, and the potential in the thermal FP equation gets substituted by
the action. The Fokker-Planck equation itself is related to the Schwinger-Dyson equation
in the quantum field theory. For the gauge theory it is a kind of a loop equation collecting
the whole set of Virasoro constraints [21].
The reason to consider the stochastic quantization (SQ) dynamics along with the
thermal stochastic dynamics is partially motivated by rich supersymmetric structure of
SQ. One example is the famous Parisi-Sourlas SUSY dimensional reduction [22], another
involves the Nicolai map which transforms the Langevin equation into the white noise
[24]. The index of the Nicolai map coincides with the Witten index in the corresponding
SUSY quantum mechanics [25]. The mechanism of the SUSY breaking is elaborated only
partially and it was conjectured long time ago that the states with broken SUSY correspond
to non-equilibrium steady states [23]. The hidden SUSY structure in stochastic equations
motivates some studies where the relation with the topological theories were elaborated.
In particular the unifying role of the FP equations in the context of the topological strings
has been conjectured in [26] and the twisted index for the Nicolai map has been suggested
in [27] which involves the analogue of the R-twisting in time direction. We conjecture
existence of DK transition relevant to stochastic quantization, in multipiparticle radial
stochastic Lo¨wner equation (SLE) (for review of SLE see [28]).
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For real time stochastic Brownian dynamics, the DK transition is identified as follows.
Consider N (N  1) vicious (1+1)D Brownian walkers (or free fermions) on a circle,
and compute the probability to reach some prescribed final state at time T starting from
some fixed initial out-of-equilibrium configuration. This probability obeys the multiparticle
diffusion equation similar to the Schro¨dinger equation in the Euclidean time. Replacing
the Laplacian operator by the self-adjoint one, we can equivalently describe the system of
fermionic particles by the Fokker-Planck (Dyson) equation, which in turn, can be derived
from the Langevin equation with random forcing. The properly normalized partition func-
tion of the large-N 2D YM theory on the sphere turns out to coincide with the reunion
probability of N ”Brownian fermions” (Schur process) on the circle upon the proper iden-
tification of parameters [11, 13]. The reunion probability undergoes a kind of 3rd order
phase transition at some critical point and has a lot in common with the ”orthogonality
catastrophe” for the many-body fermionic system [31].
The DK critical behavior can be traced not only for the partition function but for
other important variables. The hydrodynamic viewpoint on real time stochastic dynamics
of N (1+1)D vicious walkers deals with the challenging problem of computation the multi-
point correlation function ρN (x1, x2, ...xk, t) for 1 ≤ k ≤ N . A particularly interesting
object is the resolvent in YM theory defining the one-particle correlation function (the
density). It obeys the complex-valued Burgers-Hopf equation [4] with particular boundary
conditions. It also obeys the algebraic equation following from the loop equation. We
emphasize in this paper that the hydrodynamic point of view becomes very useful at least
in two aspects. On one hand, it enables us to consider system of Brownian fermions with
large number of particles. This problem itself has a lot in common with the overlapping
of multifermionic wave functions studied in [31, 32]. On the other hand, even the one-
point correlation function, ρN (x, t), which satisfies the Burgers-Hopf equation, has some
far-reaching connections, the one-point correlation function in the large-N vicious walks
ensemble, shares limiting properties of the statistics of (1 + 1)d single random walk with
fixed area below the curve. The last problem is known to be connected with the generating
function of algebraic invariants (Jones, HOMFLY) of some specific series of torus knots
[35].
The important question concerns the hydrodynamic identification and interpretation
of DK transition. The typical example of the critical behavior can be interpreted as the
overturn of the solution at finite time due to non-linearity (as in Burgers equation at small
viscosity). However, the pattern of the criticality related to DK case was argued in [4, 33]
to be different. It has been shown in [4, 33] that the DK transition takes place when the
fluid density has no gaps on the circle. Since the initial state of the fluid corresponds to
the local bump, it means that the transition takes place when two fronts moving in the
opposite directions on the circle, collide at some finite time. At this point one deals with
the quantum hydrodynamics, and the solution upon collision corresponds to the strong
coupling phase dominated by instantons in YM and windings in RW case.
The holographic approach, ultimately related to the stochastic quantization, adds a
new facet to the problem of DK transition. It was argued that the stochastic time can be
identified with the radial holographic coordinate [29, 30], and the Fokker-Planck equation
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is tightly related to the holographic RG flows, as formulated in [36]. The Brownian motion
in the theory with the boundary, corresponds to the stochastic motion of the end of the
fundamental string [38, 39] extended along the radial coordinate. It turns out, that such
Brownian dynamics is not thermal. Namely, if we consider the string in the bulk background
of the BH, the Hawking temperature does not matter for the stochastic motion. The
stochastic y is dominated by the local temperature on the string worldsheet and the horizon
is formed at the finite radial coordinate. The stochastic dynamics can emerge for the
extremal BH with vanishing temperature as well. The general discussion on the relation
between the boundary and worldsheet temperatures can be found in [37].
The similar holographic viewpoint can be applied to the multiple SLE in the radial
direction, which was related to the FP equation at the boundary for the walkers interacting
as in the trigonometric Calogero model [41]. Note that in the framework of the stochastic
quantization, the DK transition is a bit subtle issue since we are searching for the critical
behavior of the many-body system at finite stochastic time, i.e. at finite value of the RG
scale.
From the standpoint of the DK transition, the RW-YM correspondence is generalized
in our paper along the following ways:
• We demonstrate that DK phase transition in 2D YM on the cylinder and disc with
the fixed holonomies amounts to the phase transition in the stochastic process with
prescribed out-of-equilibrium configurations of extremities (initial and final points);
• We take into account the θ-term in 2D YM, fixing the total instanton number, and
discuss the RW counterpart of corresponding theory in terms of vicious walks with
fixed chemical potential for winding on a circle;
• We add a Wilson line in a particular representation to the 2D YM on the cylinder
which yields the trigonometric Calogero model [42, 43]. From the RW point of view,
it involves the modified interaction between vicious walkers and corresponds to the
so-called ”Jack stochastic process”. Taking into account the relation between the
trigonometric Calogero model and the stochastic Lo¨wner evolution (SLE), we discuss
the 3rd order DK transition in terms of SLE.
The problems related to DK phase transition can be reformulated in terms of the string
theory which uncovers the connection with black holes. It is known that 2D YM theory on
the torus is realized as the worldvolume theory on N D4-branes wrapping the O(−p)→ T 2
subspace inside O(−p) × O(p) → T 2 Calabi-Yau manifold [16]. On the other hand, such
N D4-branes yield the description of the black hole in 4D with the magnetic charge N .
Explicitly, the relation between partition functions of the 4D black hole, Z4dBH , the 2D YM,
Z2dYM , and the topological string, Ztop, roughly states [17]
Z4DBH = Z
2D
YM = |Ztop|2 (1.1)
The correspondence between the 4D charged black hole and the 2D YM was generalized in
[18] to the arbitrary genus g of the base in CY , however it turned out that q-deformed 2D
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YM has to be considered for g 6= 1 case and the additional integration over the holonomies is
involved. Similar relation between the partition function of (q, t) 2D YM and of the refined
black hole indices, has been elaborated in [9]. The BH is extremal and to some extend can
be considered as the particle with huge degeneracy, corresponding to multiplicity of the
D2−D0 branes on N D4 branes forming the extremal charged black holes.
Using the map between q-deformed YM in 2D and the black hole partition function
[16, 18], we identify the values of the black hole electric chemical potentials corresponding
to the DK phase transition. Since we consider the limit of BH with large magnetic charge
of special interest are phenomena and configurations specific for this limit. It was argued in
[52] that the configuration with large magnetic charge tends to form the monopole spherical
shell which at some critical value of parameters gets transformed into the magnetically
charged BH. This is the magnetic counterpart of the phenomena known for electrically
charged BH which undergoes the superconducting phase transition and BH with fermionic
environment when the electronic star gets formed at the point of 3rd order phase transition
(see [55] for the review). We shall conjecture that the DK phase transition at the BH side
corresponds to the ”monopole wall-magnetically charged BH” transition discussed in [52].
In fact, the relation between the DK transition and BH physics has been discussed in
[53, 54] at a different angle. In these papers the large-N 4D gauge theory on the manifold
invoving S3 is considered holographically. There is some compact direction treated as
the thermal circle and the gravity background involves the BH. There is Page-Hawking
transition in this setup and moreover it is a version of the small BH-string transition
suggested long time ago in [45, 46]. The DK transition has been interpreted as small DH-
string transition in [54] however the parameters of the gauge theory were not interpreted
as the BH charges and chemical potentials. Our picture will differ from this scenario.
To complete the connections, we have to explain the role of the stochastic dynamics in
the framework of the extremal magnetic BH. One line of reasoning involves the behavior
of the long strings near the BH horizon. In was conjectured in [45, 46] that the degeneracy
of the states of the long string probably could explain the black hole entropy and, to some
extend, the BH itself can be treated as the long string wrapped the stretched horizon.
This logic has been extended further and it was argued argued that the long string near
horizon behaves as a random walker [48]. This approach is based on the thermal scalar
picture [47]. Another viewpoint deals with the counting of the degeneracies of the BPS
states with the fixed quantum numbers in terms of properly weighted random walks in
the region determined by this quantum numbers. This stochastic approach to the BPS
counting worked successfully in the evaluation of the particular observables in 5D SUSY
YM QCD [35, 50, 51]. We shall discussed some aspects of the BH-RW correspondence in
the paper.
Borrowing some results from the superfluidity theory [61] we conjecture that the DK
transition can be interpreted as the emergence of the superfluid component in the strong
coupling phase. To this aim it is particularly appropriate to regard the superfluidity as the
specific response on the external abelian graviphoton field. Such interpretation is well glued
with the consideration of the black hole, where the analogue of the superfluid component
is saturated by the D2-brane ”topological susceptibility” yielding the electrically charged
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component of the black hole at the horizon. Our conjecture has some similarity with
another study [34]. It was suggested in [34] that the closing the gap at DK point has
something to do with the formation of a kind of the chiral condensate which is determined
via Casher-Banks relation by the spectrum of the Dirac operator at the origin. This
condensate breaks the global chiral symmetry.
The paper is organized as follows. In Section 2 we remind the key points concerning
the DK phase transition in the 2d YM theory and its generalizations. We explain how the
RW-YM correspondence yields the new critical behavior at the RW side for different out-of-
equilibrium states. In Section 3 we generalize the duality to the interacting random walkers
and comment on the relation to the SLE process. In Section 4 we consider the duality
between two integrable systems and formulate how the DK transition is mapped under the
duality transform. Section 5 is devoted to the hydrodynamical aspects of the DK transition.
Section 6 concerns the q YM-BH correspondence from the DK phase transition viewpoint.
It Section 7 we conjecture that the DK phase transition corresponds to the appearance of
a kind of the superfluid component at the strong coupling side. This phase corresponds
to the ”condensate of instantons”, ”condensate of t’Hooft loops” or ”condensate of D2-
”branes”, depending on the ”observer”. The results and open questions are summarized
in the Discussion.
Schematically the links between different subjects discussed throughout the work, are
shown by arrows in the diagram depicted in the Fig.1.
Vicious walks
Black holes
Yang-Mills theory
in 2d and in 4d
Calogero model
and radial SLE
Superfluidity
3
3.3
6.4
7
7.3
6.2
3.3
Figure 1. Flowchart of tentative connections between different parts of the work. The numbers
designate corresponding Sections.
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2 Douglas–Kazakov phase transitions in the 2D Yang-Mills theory
2.1 2D Yang-Mills on a sphere
Let us briefly review the original setting of Douglas–Kazakov (DK) phase transition devel-
oped in [1] for a Yang-Mills (YM) theory on a sphere S2. The YM partition function on a
two-dimensional surface of genus g reads
Zg (gYM , A) =
∫
[dA] [dΦ] exp
{∫
σg
dσ
(
Tr ΦF + g2YMTr Φ
2
)}
. (2.1)
where A is the vector potential of the gauge field, F , and gYM is the coupling constant.
The partition function (2.1) for the U(N) gauge group can be rewritten as a sum over
representations:
Zg (gYM , A) =
∑
R
(dimR)2−2ge−
Ag2YM
2N
C2(R), (2.2)
where the representations R are labelled by Young tableaux, i.e. by sets of N ordered
integers {n1 ≥ n2 ≥ · · · ≥ nN}. The functions C2(R) and dimR are correspondingly the
quadratic Casimir (Laplace operator) and the dimension of the representation, R:
C2(R) =
N∑
i=1
ni (ni − 2i+N + 1) , dimR =
∏
i>j
(
1− ni − nj
i− j
)
. (2.3)
In the following we are mostly interested in g = 0 case, corresponding to S2 topology.
In the large-N limit the system experiences a third-order phase transition. In terms
of the continuous variable h(x), describing the shape of the Young tableau,
h(x) = −1
2
+
i− ni
N
, x =
i
N
(2.4)
the effective YM action for N  1 can be written as:
S0[h(x)] = −
∫ 1
0
∫ 1
0
dxdx′ log
∣∣h(x)− h(x′)∣∣+ g2YMA
2
∫ 1
0
dxh2(x)− A
24
. (2.5)
Since we started from a Young tableau, we have, by definition, a constraint on its shape,
h(x) meaning that the line numbers, ni, should sequentially increase with i. This require-
ment in the limiting case gets mapped onto the condition
ρ(h) ≤ 1 (2.6)
where ρ(h) = ∂x(h)∂h .
The phase transition happens, when the classical solution of (2.5) ceases to satisfy the
constraint ρ(h) ≤ 1. The corresponding solution is:
δSeff
δh
= 0 ⇒ ρ = Ag
2
YM
2pi
√
4
Ag2YM
− h2. (2.7)
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h(h)
1
(h)
h
Figure 2. Left: density profile before the phase transition. Right: after the phase transition
Hence the DK phase transition occurs at
A ≡ Acr = pi
2
g2YM
. (2.8)
Beyond Acr, the density ρ(h) of eigenvalues develops a plateau around h = 0 - Figure
2. Later in Section 3.2 we will discuss the physical meaning of this phenomena. Right
now note that the original sum has a symmetry ni − i↔ nj − j. So we can get rid of the
requirement ρ ≤ 1: we divide by N ! and sum over all possible ni. But we still expect the
phase transition to occur. How is this possible? The actual origin of the phase transition is
the log term in eq. (2.5): when a saddle point contains two coincident h(x) the integrand
becomes infinite and this is not a real saddle point.
The DK phase transition can be easily generalized to the case of generic β–ensemble.
Let us consider the partition function
Zβ (gYM , A) =
∑
{ni}
∆(n− βi)2β exp
(
−Ag
2
YM
2N
∑
i
ni(ni − 2βi+N + 1)
)
(2.9)
where ∆(n) is the Vandermonde determinant, which we often encounter throughout the
paper,
∆(n− βi) =
∏
i<j
(ni − βi− nj + βj) (2.10)
Since we are interested in the large-N limit, it is convenient to introduce again the contin-
uum variable h(x) as:
h(x) = −1
2
+
βi− ni
N
, x =
i
N
(2.11)
Thus, instead of (2.6), we have a modified condition:
ρ(h) ≤ 1
β
(2.12)
and the third-order phase transition occurs at
A ≡ Acr = pi
2
βg2YM
. (2.13)
This transition can be thought of as a kind of a phase transition for the norm of the
Laughlin state describing the fractional quantum Hall effect.
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2.2 q-deformed 2D Yang-Mills on a sphere
One can generalize the 2D YM theory onto 2D q-YM involving the additional parameter
q = e−gs where gs is the string coupling constant. The 2D q-Yang-Mills theory on a sphere
can be mapped onto the nondeformed 2D Yang-Mills on a cylinder with specific boundary
holonomies. The partition function of the q-deformed theory can be written as a sum over
representations of the gauge group, as in the non-deformed case. The essential difference
is that the dimension of the representation must be replaced by the quantum dimension:
Zqg (gs, A) =
∑
R
(dimq R)
2−2gq
Ags
2N
C2(R)eiθC1(R), (2.14)
where C1(R) is the first Casimir of the representation, and quantum dimension is given in
terms of the q-numbers:
dimq R =
∏
i>j
[ni − nj + j − i]q
[j − i]q
=
∏
i>j
sinh gs2 (ni − nj + j − i)
sinh gs2 (j − i)
(2.15)
The partition function for the q-Yang-Mills theory on a sphere coincides with the
partition function for the non-deformed theory on a cylinder. Indeed, defining the non-
trivial holonomies, U1 and U2 around the boundaries of the cylinder, the partition function
can be written as:
Zcyl(g2YM , A|U1, U2) =
∑
R
χR(U1)χR(U
†
2) e
−Ag
2
YM
2N
C2(R)+iθC1(R), (2.16)
where χR are the characters in the representation R = {n1, . . . , nN}:
χR(U) =
deti,j(e
i(ni−i)θj )∏
i<j
(
eiθi − eiθj) , (2.17)
and 0 ≤ θi ≤ 2pi are the eigenvalues of the unitary matrix U . Recall that for the quantum
dimension there exists the following expression:
dimq R = χR(q
−ρ), ρi = 1/2− i (2.18)
Thus, the partition function of q YM (2.14) coincides with the partition function on a
cylinder (2.16) upon the identification [13–15]:
θk = ikgs, g
−1
s = g
2
YM . (2.19)
Besides, we have to set particles equidistantly in the complex plane since the boundary
holonomy is q−ρ. The phase transition for the q-YM has more rich structure than for the
non-deformed case and can be considered as a reduction of the 2D (q, t)-Yang-Mills which
we are going to describe in the next section.
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2.3 (q, t)-deformed 2D Yang-Mills on a sphere
The (q, t) deformed 2D YM theory on a Riemann surface has been formulated in [9, 10].
The partition function of the model is a natural extension of the Schur polynomials to the
elliptic Macdonald polynomials:
Zq,t(Σg) =
∑
R
(
dimq,tR
gR
)2−2g
qp‖R‖
2/2tp(ρ,R) (2.20)
In (2.20) we have introduced two equivatiant parameters, q = e−1 , t = e2 , while (ρ,R) =
1
2
∑
i ni(N + 1− 2i), and dimq,tR is a (q, t)-deformed dimension of the representation R,
dimq,tR = (q/t)
|R|/2MR(tρ; q, t) = q||R||
2/4t−||R
T ||2/4 1∏
∈R
(
q
a
2 t
l+1
2 − q−a2 t− l+12
) (2.21)
where gR is a normalization factor for the Macdonald polynomials MR:
gR =
〈MR,MR〉
〈M0,M0〉 =
∏
∈R
1− qa+1tl
1− qatl+1
1− qa′tN−l′
1− qa′+1tN−l′−1 (2.22)
Setting 1 +2 = 0, we reduce the (q, t)-deformation to the q-deformation considered above.
The partition function for a cylinder with holonomies U1, U2 reads as:
Zcylq,t =
∑
R
1
gR
MR(U1; q, t)MR(U
†
2 ; q, t)q
p‖R‖2/2tp(ρ,R) (2.23)
The normalization factor gR essentially comes from the requirement that upon gluing two
cylinders, we obtain a cylinder again,∫
dUMR(U ; q, t)MT (U ; q, t) = δT,RgR (2.24)
Now let us consider the large-N limit. Sending N to infinity, we also take limits
1 → 0 and 2 → 0, keeping τ1,2 = N1,2 constant. The DK phase transition for the sphere
geometry preserves the second deformation and the equation for the critical area reads [10]:
Acrit = τ2p = −p2 log cos2
pi
p
(2.25)
This equation holds for p > 2. It was argued in [9] that the partition function of the
(q, t)-deformed 2d YM on the sphere coincides with the refined partition function of the
extremely charged BH. This is a first signature of emergence of black holes in the DK
context, which will be extended throughout our paper.
In what follows we consider the particular limit of Jack polynomials: sending 1 → 0
and 2 → 0 we keep both values, α = −2/1, and p1 = g2C finite. In such a limit the
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Macdonald polynomials become Jack polynomials, JαR, and Eq. (2.23) gets transformed
into the following expression:
Zαcyl =
∑
R
1
g˜R
JαR(U1)J
α
R(U
†
2) exp
(
−g
2
C
2
∑
i
ni(ni − 2iα+N + 1)
)
(2.26)
For the partition function on a sphere we have:
ZαS2 =
∑
ni
α−1∏
b=0
(
∆(n)2 − b2
)
exp
(
−g
2
C
2
∑
i
ni(ni − 2iα+N + 1)
)
(2.27)
The measure in (2.27) looks quite complicated. Fortunately, in the large-N limit, all ni are
of order of N , while α stays of order of 1. Therefore, in the leading approximation we can
drop the term b2 and end up with the familiar β-ensemble with α = β.
2.4 2D Yang-Mills on a cylinder and a disc
It is known [11, 12] (see also the next Section for a brief overview) that the partition
function of 2D Yang-Mills theory on a sphere with an U(N) gauge group coincides with
the partition function of a bunch of N directed one-dimensional random walks, of lengths
t each, on a periodic lattice (strip) along x-coordinate of width L, where the parameters t
and L are absorbed by the YM coupling constant, gYM . Changing the gauge group U(N)
to Sp(2N), or to SO(2N), one can mimic partition functions of vicious random walks with
Dirichlet (Sp(2N)), or Neumann (SO(2N)) conditions at strip boundaries.
However little is known about the dependence of the DK transition point on the dis-
tribution of extremities of vicious walkers. In this subsection we consider vicious walks on
periodic lattice in two cases: (i) when both extremities of vicious walks are equally-spaced
distributed within some interval ε along x-axis, and (ii) when initial points are equally-
spaced distributed within the interval ε, and final points are free. In the frameworks of
the field-theoretic description, the case (i) corresponds to the 2D U(N) YM theory on a
cylinder, and the case (ii) – to the 2D U(N) YM theory on a disc. We also show that the
case (ii) at ε → 0 is reduced to the 2D U(N) YM on a sphere. Schematically these cases
are depicted in the Fig.3.
t
x




YM on cylinder
(c)(a)
t
x
YM on sphere ( )  0, 0
t
x


(b)
YM on disc (0)
Figure 3. The 2D YM on a cylinder (a) is reduced to the 2D YM a disc (b) when left extremities
are kept on finite support (ε2 → 0), and right ones are set to zero, and to the 2D YM on a sphere
(c) when ε1 → 0 and ε2 → 0.
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If the distribution of the eigenvalues σ(θ) is uniform on the interval of length c, namely,
σ(θ) =
{
1
2c , |θ| ≤ c,
0, otherwise,
(2.28)
the phase transition occurs at
tanh2
pic
A
= tanh
c2
A
. (2.29)
Taking c as
c =
igsN
2
, (2.30)
in the large-N limit of (2.19) we arrive at a condition for the phase transition in q-YM [?
]:
e
g2sN
2
A = 1 + tan2
pigsN
A
. (2.31)
If one boundary shrinks to the point, we arrive at 2D YM on a disc, corresponding to
one common extremity (i.e. initial or final point) of the bunch of walkers. The DK phase
transition occurs in this case at the critical area defined by the condition
pi
A
=
∫
σ(s) ds
pi − s (2.32)
– see [50] for details.
3 DK for free fermions, directed vicious walks, Calogero and SLE models
3.1 Preliminaries: Two faces of Fokker-Planck equations
Let us briefly recall general aspects of the stochastic dynamics. For simplicity, we begin
with a single-particle stochastic dissipative dynamics, described by the (1+1)-dimensional
Langevin equation for x(t):
dx(t)
dt
= −kdW (x)
dx
+ ξ(t) (3.1)
where ξ(t) is the white noise:
〈ξ(t)〉 = 0; 〈ξ(t)ξ(t′)〉 = Dδ(t− t′) (3.2)
In (3.1)–(3.2) D = kT and W (x) are the diffusion coefficient and the energy of the system.
The Langevin equation yields the Fokker-Planck (FP) equation for the probability density,
P (x, t):
dP (x, t)
dt
= D
d2P (x, t)
dx2
+ k
d
dx
(
dW (x)
dx
P (x, t)
)
(3.3)
whose stationary solution has the Gibbs distribution
lim
t→∞P (x, t) ≡ Pst(x) ∼ e
−W (x)
T (3.4)
In this version of the FP equation, the white noise has purely thermal nature. The FP
equation can be written also in the momentum and phase spaces.
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The Fokker-Planck equation plays a different role in the stochastic quantization of
generic dynamical system [20]. Let us introduce an additional time-like variable, the
”stochastic time”, s, and consider the Langevin equation for a particle dynamics with
respect to s. The phase space of the system acquires one extra dimension, becoming
(1+1+1)–dimensional as is schematically shown in the Fig.4.
KRORJUDSKLFKRUL]RQ
WLPHW
VH
PLWFLWVDKFRWV
[ HFDSV
SK\VLFDOSODQH
Figure 4. Schematic phase space of one-particle stochastic dynamics, x(t, s), in time, t, and in
stochastic time, s.
Since the phase space of our system is lifted on one extra dimension, we should re-
place the energy, V (x), by the action, S(x(t)), and the diffusion coefficient, D, – by the
Planck constant, ~, which plays the role of the ”temperature” for quantum system. The
corresponding FP equation reads now
dP (x(t), s)
ds
= ~
∂2P (x(t), s)
∂x2
+
∂
∂x
(
∂S(x(t))
∂x
P (x(t), s)
)
(3.5)
Eq.(3.5) has the conventional path integral quantum measure, defined by the stationary
solution of (3.5)
lim
s→∞P (x(t), s) ≡ Pst(x(t)) = e
−S(x(t))~ (3.6)
The stochastic quantization approach allows to derive the quantum correlators in quan-
tum mechanics, or in quantum field theory, directly from the solution of the FP equation in
the limit s→∞. Figuratively speaking, we could think of the classical statistical mechan-
ics of strings at finite temperature, as of stochastic evolution of a quantum particle, where
the energy of a string is replaced by the action of a particle. In such interpretation, the
white noise has quantum nature, and stochastic time is considered as the Schwinger proper
time. Keeping in mind forthcoming holographic consideration related to thermodynamics
of the black hole, we would like to have more transparent view of stochastic time.
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The simplest one-loop correlators in the field theory can be written as the product of
bulk-boundary propagators in the Anti-de-Sitter (AdS)-like bulk theory with an additional
integral over the radial coordinate of the bulk point. This representation is proved upon
identification of the Schwinger proper time with the radial coordinate in the AdS bulk
[68]. The same identification holds if we consider the effective Lagrangian of an external
field in the boundary theory [67]. In that case, the external field provides the effective
cut-off in the radial coordinate. This can be seen, for instance, in the representation of the
scalar propagator, Gsc, in the external self-dual field F , for which Gsc =
∫∞
eF dse
−x2s [67].
The identification of the stochastic time with the radial coordinate in the bulk has been
suggested in [29].
The viewpoint on the stochastic time as on the ”radial coordinate” towards the holo-
graphic horizon, matches perfectly the holographic picture for the Brownian motion [38, 39],
where the Brownian particle is considered as the end of the string extended along the ra-
dial AdS coordinate in the background of the black hole. The string fluctuates due to the
emission and the growth of the string inside the bulk occurs according to the Langevin
dynamics in stochastic time. Let us emphasize that the random motion along the stochas-
tic time s (i.e. along a radial coordinate) is not of thermal nature: for instance, it deals
nothing with the Hawking temperature of the BH. What matters, is the emergence of the
string worldsheet horizon at a finite value of the radial coordinate. Thus, the FP equation
in the stochastic time (3.5) can be regarded as the equation describing the holographic
renormalization-group (RG) flows in the boundary theory. In the next Section we shall
argue that the approach developed in [41] for the radial Schramm-Lo¨wner equation (SLE)
fits perfectly with this picture.
The said above allows us to conjecture that the DK phase transition in the multiple
particles stochastic dynamics, corresponds to two different physical processes, ”thermal
Brownian dynamics” and ”stochastic quantum diffusion”, though formally they are very
similar.
1. In the thermal Brownian motion along a ”physical time”, t, the critical behavior in the
reunion probability occurs as the finite time tcr, being a consequence of the ”orthog-
onality catastrophe” for chosen out-of-equilibrium boundary conditions of random
walks.
2. To the contrary, in the quantum diffusion, the system evolves in the stochastic time,
s, which has the sense of a holographic radial coordinate attributed to ends of growing
interacting strings in the AdS-like system. Strings grow from a common point at the
boundary and join altogether at some point in the bulk at the stochastic time scr.
The physical time is integrated over since the action enters into the FP equation.
The critical stochastic time, scr, at which the DK transition occurs, implies that the
RG flows behave differently above and below scr.
We end up this brief summary of different viewpoints on stochastic dynamics with
two open questions. Taking into account that the Planck constant plays the role of the
temperature in the stochastic quantization scheme, we can consider the conventional tem-
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perature as the inverse period of the Euclidean time. One could ask whether the Planck
constant can be thought of a kind of the period in the holographic coordinate. One could
also consider the quantization of the system at finite temperature, wondering about the
case when both, physical and stochastic times, are involved into the FP equation, and pose
the question how the DK transition looks in that case.
3.2 Free fermions and vicious walks in 1+1
The computation of the 2D YM partition function on the sphere with the U(N) gauge group
can be reformulated in terms of the computation of the reunion probability of N vicious
walkers [11–15]. Consider Brownian dynamics of N repulsive points (or particles with
fermion statistics) on a periodic one-dimensional lattice with the period L (i.e on a circle
of perimeter L), starting from some initial distribution, x = {x1, ..., xN}, and after time
t arriving at some final distribution, y = {y1, ..., yN}. The reunion probability, P (t,x,y),
can be constructed from a eigenfunction, ΨN (p|x), written as a Slater determinant (known
equivalently as Fisher, Karlin-McGregor, or Lindstrom-Gessel-Viennot formulae) on wave
functions of individual free particles, ψ(pj |xk)
ΨN (p|x) = 1√
N !
detψ(pj |xk), ψ(pj |xk) = exp(ipjxk) 1 ≤ j, k ≤ N (3.7)
Here x = {x1, . . . , xN} are the coordinates of the particles and p = (p1, ..., pN ) are the
corresponding momenta. Consider a configuration when all particles start from a single
point and after time t return to the same point on a circle. The probability of such a
process reads (3.7)
PN (t, |x,y = x)
∣∣∣
x→0
= 〈ΨN |e−tH0 |ΨN 〉
∣∣∣
x→0
=
∑
p
Ψ (p|x) Ψ∗ (p|x) e−tE(p)
∣∣∣
x→0
, (3.8)
where
E(p) =
N∑
j=1
E(pj), E(pj) =
pi2D
2L2
p2j , pj = 0, 1, 2, ... (3.9)
and each E(pj) is the eigenvalue of the Schro¨dinger operator
H0 = D
N∑
k=1
∂2
∂x2k
for the non-stationary wave function, ψ(t, x), on a circle with circumference L,
∂ψ(t, x)
∂t
= D
∂2ψ(t, x)
∂x2
ψ(t, x) = ψ(t, x+ L)
As we have mentioned before, we rely on the fact that the free Schro¨dinger equation in
imaginary time coincides with the Fokker-Plank equation, where the diffusion coefficient
D is related to the mass by D = 1/2m. Taking in (3.8) the limit x→ 0, we arrive at
PN (t, L|x→ 0) = CδN(N−1)/2
∑
p∈Z
N∏
i<j
(pi − pj)2e
−pi2Dt
L2
N∑
i=1
p2i
, (3.10)
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where δ = xi − xi+1 → 0 and C is normalization factor. For N → ∞ we keep the density
of particles, LN , to be finite O(N
0) and the combination tD scales as N , since we want the
total mass mN to be finite.
Comparing the reunion probability (3.10) with (2.2), we see that the reunion proba-
bility upon the identification:
g2YMA =
pi2DtN
L2
(3.11)
coincides with the partition function (up to the normalization factor) of the Yang-Mills
theory on a sphere with the U(N) gauge group. Therefore, the phase for free fermions on
a circle transition occurs at:
DtN
L2
= 1 (3.12)
Mapping of the 2D YM theory onto vicious walkers on the cylinder goes as follows. The
probability for N vicious walkers with the boundary conditions (x1, . . . xN ) and (y1, . . . yN )
corresponds to the transition amplitude in the 2D YM on the cylinder. The initial distri-
bution of the walkers corresponds to the holonomy of the gauge field at one boundary, and
the final distribution – to the holonomy at another boundary of the cylinder. The said can
be easily seen if we rewrite (3.7) in terms of Schur functions:
Ψ (p|θ) = 1√
N !
χR(e
iθ1 , . . . , eiθN )∆(eiθ) (3.13)
where we have introduced an auxiliary Young diagram, R : ni = pi+ i. We take the energy
to be proportional to the quadratic Casimir of λ:
E(p) =
1
2m
(
2pi
L
)2 N∑
i=1
ni(ni−2i+N+1) =
1
2m
(
2pi
L
)2 N∑
i=1
(
pi +
N + 1
2
)2
+const (3.14)
It actually means that the physical momenta are pi +
N+1
2 . Therefore, we can rewrite the
transition amplitude as:〈
φ | e−tHL | θ〉 = C∆(e−iφ)∆(eiθ)∑
R
χR(e
−iφ1 , . . . , e−iφN )χR(eiθ1 , . . . , eiθN )
× exp
(
− 2pi
2t
mL2
N∑
i=1
p2i
)
(3.15)
This expression exactly coincides with the 2D YM partition function on a cylinder – com-
pare (3.15) and (2.16).
Thus, the DK phase transition happens at some critical value of the distance between
the initial positions of the walkers. The critical Young diagram which is given by (2.4)
corresponds to the choice of the momentum eigenstate which gives the major contribution
to the transition amplitude. As we have noted above, the eigenvalue density, ρ(h), develops
a plateau around h = 0. In terms of the momenta rescaled by N , the ”height function”,
h(x), reads:
h(p) =
1
2
− x− n = −1
2
− p (3.16)
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We see that particles condense around the zero physical momenta. Moreover the plateau
occurs in fermion density. Indeed, in the large-N limit, it is convenient to pass to the
second-quantized picture. In this picture we are dealing with a state |ψ〉 = |p1, . . . , pN 〉,
which in the continuum limit satisfies
aˆ†paˆp|ψ〉 = ρ(p)|ψ〉 (3.17)
Let us also note that this DK transforms at gs → 0 into the transition discussed at length
of [11].
Let us speculate more about the meaning of this phase transition from the point of view
of free fermions. Here we start from a out-of-equilibrium state where all the particles sit
almost at one point and after a finite time we end up with the DK phase transition. Obvi-
ously the free fermion partition function does not exhibit any phase transitions. Therefore
this behavior is specific to the out-of-equilibrium state we have chosen. Since particles are
located near one point we are dealing with a huge density. We know that high matter den-
sities eventually form a black hole. In fact this is exactly what we observe here. Of course,
we do not have any gravitational interactions here, but still two phenomena are very similar
as we now argue. Indeed, apart from just placing particles at one point we also send the
number of particles N to infinity. As it turns out even that is not enough: after a finite
time the density of states becomes truly infinite since two fermion momenta collide(see the
discussion after eq. (2.8)). This is at this point when the “black hole” is formed. From
this picture we expect that after the phase transition we must have a non-zero Hawking
temperature if the BH is nonextremal. And indeed the fermion density(Figure 2) strik-
ingly resembles fermion density function at finite temperature, the plataeu playing the role
of the Fermi surface. Of course, the profile on Figure 2 is not given by the Fermi-Dirac
distribution. Even after the phase transition the quantum system is still in the pure state,
so we can not expect truly thermal distribution and only a ”‘horizon”’ can be expected.
3.3 Interacting random walkers: Calogero model and SLE stochastic process
3.3.1 Calogero model and Jack process
So far we have considered the free fermions, corresponding to β = 1 in terms of β-ensembles.
The DK critical behavior happens in matrix elements W (φ|θ) = 〈φ | e−tHL | θ〉 of the
evolution operator HL between some initial and final N -fermion states on a circle. For
generic β the free fermions on a circle get transformed into the particles interacting via
the trigonometric Calogero potential. The wave functions and the spectrum of the model
is exactly known, and can be conveniently written down in terms of Jack polynomials. We
consider the transition amplitude like W (φ|θ) and identify the DK transition in this case
for the reunion matrix element.
Let us emphasize that even in the interacting case we can transform the Fokker-Plank
equation into the Schro¨dinger equation by the self-adjoint change of variables. The po-
tential in the FP equation and in the Schro¨dinger equation are related as the ordinary
potential V and the ”superpotential” W :
V (x) = D(∇W (x))2 −∆W (x) (3.18)
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Indeed, it is easy to see that the Schro¨dinger equation
∂ψ(x, t)
∂t
=
1
2m
∆ψ(x, t)− V (x)ψ(x, t) (3.19)
becomes the FP equation
∂P (x, t)
∂t
= D∆P (x, t) +D
∑
i
∂
∂xi
(
∂
∂xi
W (x)P (x, t)
)
(3.20)
upon the substitution D = 12m and P (x, t) = ψ(x, t)e
−W (x).
Considering the Jack stochastic process instead of the Schur process for free fermions,
we can use the result of [41] and treat the Calogero Hamiltonian as the FP operator for the
stochastic radial multiple SLE process in the disc. In this case the radial multiple SLEβ
process in the bulk of the disc corresponds to the Jack process at the disc boundary. Note
that here our discussion of two stochastic times becomes relevant: we consider the Jack
process with respect to the stochastic quantized ”holographic” time which has a meaning
of a radial distance in the disc.
Recall that the Calogero-Sutherland model can be obtained in the 2D YM theory with
inserted Wilson line along the cylinder in the particular representation, which amounts to
the interaction of the holonomy eigenvalues [42, 43]. The Calogero-Sutherland potential
reads
V (θi − θj) = ν2
∑
i<j
1
sin2(θi − θj)
(3.21)
The coupling ν = β(β − 1) corresponds to the specific choice of the representation (ν’s
power of the fundamental one). It is very well known that the eigenfunctions now are Jack
polynomials Jβλ :
Ψ (p|θ) = 1√
N !
JβR(e
iθ1 , . . . , eiθN )∆β(eiθ) (3.22)
in (3.22) we have again introduced an auxiliary Young diagram R, ni = pi+ i. The energy,
E, is given by the deformed quadratic Casimir of R:
E =
1
2m
(
2pi
L
)2∑
i
ni(ni − 2iβ +N + 1) (3.23)
The Calogero superpotential, according to (3.18), becomes:
W = γ
∑
i<j
log sin(θi − θj), 2Dγ(γ − 1) = β(β − 1) (3.24)
Now it is obvious that the partition function for the β-deformed YM on a cylinder (2.26)
coincides with the transition amplitude for Calogero particles. Boundary holonomies give
boundary conditions for particles and the coupling constant, g2C , coincides with t
(
2pi
L
)2
.
Actually, the eigenstates of the Calogero model behave as anyons, see [69] for a review. So,
it can be said that various deformations of the 2D YM theory are described by free particles
with generalized statistics. Also, it easy to see the partition function of the β-deformed
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YM on S2 corresponds to the reunion probability for all the particles to join at one point.
The DK phase transition in this case happens at the critical values of parameters, given
by (
2pi
L
)2
tN
m
=
pi2
ν
(3.25)
The Fokker-Planck equation in the dimensionless time, s, associated with the Jack
process, reads
∂PN (s,x)
∂s
=
1
2
N∑
i=1
∂2PN (s,x)
∂x2i
+
N∑
i=1
∂
∂xi
(
1
2
∂W (x)
∂xi
PN (s,x)
)
(3.26)
Eq.(3.26) is a master equation for so-called ”Dyson Brownian particles” with the Langevin
stochastic dynamics x(s) in quantized stochastic time, s, in the potential (3.24):
dxi(s)
ds
= −1
2
∂W (x)
∂xi(s)
+ ηi(s) (3.27)
where ηi(s) is a uncorrelated white noise, 〈ηi(s)ηj(s′)〉 = δ(s − s′)δ(i − j). Writing xj
in the form xj = e
iθj , and considering the hydrodynamic limit N → ∞, s → ∞ with
N
s = u = const, one ends up with the Langevin equation
dθj(s)
ds
=
β
2
∑
j 6=k
cot(θj(s)− θk(s)) + ηj(s) (3.28)
3.3.2 SLE versus Calogero
Now we are in position to discuss the connection between Dyson random walks in thermo-
dynamic limit with the multiple SLE stochastic process in the context of the DK transition.
It was shown in [41] that the Calogero model is related to the Brownian motion of N in-
teracting particles on the disc boundary, and simultaneously, to the multiple SLE process
when N curves evolve from boundary at t = 0 inside the disc towards the origin (the origin
is reached at t→∞) as is schematically shown in the Fig.5.
The SLE process can be considered as the evolution of conformal mapping gt(z)
dgt
dt
=
N∑
j=1
αj(gt), αj(gt) = −gt gt + e
iθj
gt − eiθj
(3.29)
This multiple radial SLE evolution for interacting Brownian trajectories, propagating from
the external boundary inside the annulus, are shown in the Fig.5. The corresponding
Langevin equation reads
dθj(s)
ds
= −β
2
∑
i 6=j
cot(θi(s)− θj(s)) + ηj(s) (3.30)
where ηj(s) is again the non-interacting Brownian dynamics of jth particle (1 ≤ j ≤ N).
Since (3.30) and (3.28) coincide, it was pointed out in [41] that radial SLE, Calogero -
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i( )t
j( )t
Figure 5. Multiple radial SLE evolution for interacting Brownian trajectories, propagating from
the external boundary inside the annulus towards the origin (the origin is reached at infinite time.
Jack stochastic dynamics, and Dyson gas dynamics for Gaussian Unitary Ensemble in
hydrodynamic limit coincide, being different incarnations of the same process. The SLE
time asymptotically behaves as log r where r is radius inside the annulus.
It is also useful to discuss briefly this relation from the CFT perspective. The solution
to the ”stationary” in the radial stochastic time FP equation for the Jack process was
identified [41] with the conformal block
〈Φ(0)φ2,1(z1) . . . φ2,1(zN )〉 (3.31)
where φ2,1 is the field in the CFT with c = 1− 6(4−k)
2
4k . For the Calogero coupling constant
one has β = 8k . The energy level of the quantum Calogero FP Hamiltonian, E, corresponds
to the conformal dimension of the particular operator Φ in the center of the disc
hΦ + h¯Φ =
k
N
E + const (3.32)
while the total momentum, P , in the Calogero stochastic model corresponds to the spin of
the operator
hΦ − h¯Φ = k
N
P (3.33)
This presumably can be viewed from the holographic perspective, in which the con-
formal block in the boundary theory can be interpreted in terms of the AdS3 bulk gravity.
In would be interesting to extend this correspondence for the quantum N -body elliptic
Calogero model. It is known that its wave functions (i.e probability from FP viewpoint)
coincide with the conformal block on the marked torus with insertions of N operators φ2,1.
From the holographic perspective this conformal block, at least in the particular semiclassi-
cal light-heavy limit corresponds to the insertion of the deficit of angle state [44] amounting
to a kind of a horizon in the bulk at finite stochastic time.
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It should be emphasized that the DK phase transition discussed above, has a meaning
for Calogero model at large number of particles N only. Therefore, it would be interesting
to map this phase transition onto the behavior of the radial SLE at large number of evolving
curves. For instance, if we consider the reunion probability in the Calogero FP Hamiltonian,
it would mean that all curves start at the same boundary point and have the same angular
coordinate at the reunion time. The straightforward physical meaning of the DK transition
in SLEk is somewhat hidden, however we can provide its intuitive interpretation in terms
of the ”orthogonality catastrophe” discussed above. It is also interesting to understand
in details the DK transition in terms of the AdS3 gravity having in mind the holographic
approach.
3.4 CS theory and Ruijsenaars-Schneider model
The Chern-Simons (CS) theory admits the fermionic representation which underlies the
vicious walkers picture. The only difference is that the fermions in CS case have relativistic
dispersion law since momenta live on the circle in this case. However there are some
dualities which transfer the periodicity in the momenta space into the periodicity in the
coordinate space.
The partition function of the topological CS theory on S3 corresponds to the walkers
on a periodic line, with extremities identically distributed within the segment gs. There is
no phase transition in this case. When gs → 0, the topological CS theory reduces to the
topological 2D YM theory. On the VW side the initial and final distributions reduce to
the point. This chain of transformations is summarized in the following flowchart:
Topological CS
theory on S
3
VW with ends in
spots of size gs
Topological 2D
YM theory
g 0s
Figure 6. Connection between CS, YM and VW for different distribution of extremities.
When we switch on the nontrivial Hamiltonian in 2D YM, or in q-YM, the partition
function becomes area–dependent, and the phase transition takes place at the critical point.
At the VW side the evolution goes through the cylinder with flat boundary distributions
for the q-YM to a point-like distributions for the pure YM case.
For p = θ = 0 the Eq.(2.15) coincides with the partition function of CS theory on
Σ× S1, while at p 6= 0 this equation matches the CS theory on the S1–bundle over Σ. For
Σ = S2 this manifold is the lens space S3/Zp. In the CS theory the string coupling reads
as
gs =
2pii
k +N
. (3.34)
Upon the Poisson resummation, the partition function for the sphere can be written in the
following form
ZqY M (gs,Σ) = C
∑
w,w′∈W
(w)(w′)
∑
n
exp
[(
−2pi
2
pgs
n +
igs
2pi
a(ww′)
)2
+
2piθ
pgs
ne
]
(3.35)
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where W is the Weyl group.
The insertion into CS theory two Wilson loops yields the trigonometric Ruijsenaars-
Schneider (RS) system [42]. The phase space of this systems gets identified with the gauge
connections on the torus with the marked point where the Wilson line in the particular rep-
resentation is inserted. In this case, the eigenstates are given by the Macdonald polynomials
MR(x1, . . . , xN ; q, t). They can be diagonalized via the so-called Macdonald-Ruijsenaars
operators, DˆrN , r = 0, . . . , N :
DˆrNMR = D
r
N (R)MR (3.36)
The eigenvalues are neatly described by the following generation function:
∑
r
XrDrN (R) =
l(R)∏
i=1
(1−Xqniti−1) (3.37)
The value of the Hamiltonian for a particular MR is given by:
H =
∑
i
(
qniti−1 + q−nit1−i
)
(3.38)
Comparing these expressions with the 2D (q, t)-YM partition function on a cylinder
(2.23), we face the following problem: the expression q‖R‖2/2t(ρ,R) does not coincide with
any of the RS Hamiltonians. Therefore we have to study the evolution generated by this
unusual Hamiltonian. Apart from this subtlety, again we can map (q, t)-deformed YM onto
the RS system. Combination of the area and coupling constant, p = Ag2, on the YM side,
is mapped to the time on the RS side.
The (q, t)-deformed YM partition function on a S2 corresponds again to the reunion
probability. Recalling the section 2.3, we conclude that the phase transition always occurs
at time t = p (p > 2):
τ2t = −t2 log cos2
pi
t
(3.39)
– compare to (2.25).
4 DK transition and duality
4.1 From circle to line with harmonic trap. Forth order Hamiltonian.
So far we have considered the system of fermions or anyons on the circle where the DK
transition has been physically interpreted as a kind of orthogonality catastrophe for the
out-of-equilibrium initial and final states. It is useful to exploit the duality formulated
in [70] which relates the trigonometric Calogero model on the circle of radius R with the
rational Calogero model on an infinite line in a harmonic trap. Consider two Hamiltonians
for the N -particle system: on a circle (HI,2), and on a line with an additional parabolic
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well (HII,2), where:
HI,2 =
N∑
i=1
∂2i
∂x2i
+
N∑
i 6=j
gI(gI − 1)
sin2((xi − xj)/R)
HII,2 =
N∑
i=1
∂2i
∂x2i
+
N∑
i 6=j
gII(gII − 1)
(xi − xj)2 + ω
2
∑
i
x2i
(4.1)
The coefficient, ω, in the parabolic potential is related to the radius, R, of the circle as
ω = 1R . It was proved that the coupling constants in two systems coincide, i.e. gI = gII ,
therefore if we choose, say, the coupling g = 1 corresponding to the free fermions in one
system, we obtain the free fermions in the second system as well. In what follows we
consider just this case.
Both systems are of the group origin and have the interpretation as constrained free
dynamics on the group-like manifolds. The mapping between the corresponding phase
spaces can be formulated in terms of the polar decomposition of the group elements. The
phase space of the system I is T ∗G× CN subject to the moment map constraint
µ = p− g−1pg − v ⊗ †v (4.2)
Choosing diagonal matrix g = exp( 1Rdiag(q1, . . . qN )) the matrix p gets identified as the
Lax matrix for the system on the circle. The system II has phase space T ∗g ×CN subject
to moment map constraint
µ = [P,Q]− v ⊗ †v (4.3)
Matrix Q is diagonal and introducing Z = P + iQ the map between two systems goes as
follows
Z = ω1/2p1/2g ωp = ZZ+ (4.4)
The enumeration of the Hamiltonians in two systems gets shifted as follows [70]
HII,2 = HI,1 = PI , HI,2 = HII,4 (4.5)
where HI,k, HII,k and PI , PII are correspondingly the k-th Hamiltonians for the systems
I and II. That is time and coordinate directions in two systems are different and the
mapping of the evolution operators reads as
UI = exp(itI,1HI,1 + itI,2HI,2)↔ UII = exp(itII,2HI,2 + itI,4HI,4) (4.6)
Having both nontrivial ”times” t1, t2 in the system I we shall get the non-vanishing ”times”
t2, t4 for quadratic and quartic Hamiltonians in system II. This means that in system II
we have the fermions perturbed by the Hamiltonian of the fourth order in coordinates and
momenta.
Having in mind this duality we could question on the possible DK-like transition for
the system on the line in harmonic trap. How it could be formulated and what is the very
meaning of the winding on the line and winding dominated phase? Naively there is no
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evident place for the winding in the harmonic potential on a line at all. For the system
on a circle the winding is defined as NI =
∫
q˙dtI,2 hence in the dual system we have to
consider the evolution of some periodic variable with respect to tII,4. It is natural to choose
the periodic angular variable on the phase plane. Let us emphasize that the ”‘time”’ tII,4
plays the role of the perturbation of the harmonic trap potential therefore the flow in the
parameter space has to be considered. Fortunately these subtle points fits together to
provide the natural candidate for the winding number in the type II system.
Recall that in the Hamiltonian dynamics there is the so-called Hanney angle which
describe the nontrivial bundle of the angle variable over the parameter space. The action-
angle variables can acquire the nontrivial holonomy when we move in the parameter space.
It is the semiclassical counterpart of the Berry connection known in the quantum case.
Typically we have nontrivial Hanney connection when there is the intersection of the La-
grangian submanifolds in the phase space. This is exactly what we have - the natural
winding in the perturbed harmonic trap is
NII =
∫
α˙dtII,4 (4.7)
where α is the angular variable on the phase space in system II. We presented this argument
for the single degree of freedom however it seems to work for multi-particle case as well.
To suggest the interpretation of DK transition consider first the case of one degree of
freedom. The condition that we start at fixed value of q in system I means that we consider
the fixed angle condition in system II, since for the case of fermions without interaction
the momentum and coordinate in system I gets mapped precisely into the action and angle
in the system II. Now switch on tII,4 and follow the trajectory of the point in the phase
space as a function of tII,4. The ”‘reunion” process in system I gets mapped to the process
in the system II when the trajectory of the point reach the same angle coordinate after
evolution in the parameter space. It is clear that the trajectory can wind the origin which
yields some winding number. Certainly in the quantum formulation of this problem we
have some distribution of the winding numbers and the very issue can be thought as the
investigation of the ”‘ orthogonality catastrophe”’ under the ”‘evolution in the parameter
space”’. To some extend it can be thought of as the example of RG dynamics.
We have illustrated above the very meaning of the reunion process and the winding
number in the system II for the one-body problem where the DK transition is absent. In
the large-N limit one can use the hydrodynamics approximation, and the system of the
free fermions on the line is described by the forced Hopf equation [83]. There is the natural
Hall-like droplet before switching on tII,4 perturbation. The droplet form gets evolved
under the perturbation and we can pose the ”‘reunion” problem for the droplet state. The
natural candidate reads as follows. We fix some angle at the phase place at the initial
point and ask if the droplet upon some time interval in tII,4 will involve two supports at
fixed angle. The DK transition would mean that the sum of the individual windings of the
fermions along the flow in the parameter space does not vanish in the strong coupling case.
This picture resembles a lot the emergence of the two-cut support in the spectral density in
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the matrix model discussed in the related framework in [84]. Certainly this issue deserves
further investigation.
4.2 Vicious walks on a line in a harmonic trap. Ground state.
In this subsection we formulate one more way to get the DK-like phase transition in the
system of fermions in the harmonic trap. The straightforward view on vicious walks on
a line is as follows. Consider the system of N fermion worldlines (vicious walkers) on a
line in a parabolic confining potential U(x1, ...xN ) = ω
2
∑N
j=1 x
2
j . The trajectories start
from the configuration x(0) = (x1(0), ..., xN (0)) and arrive after time t at the configuration
x(t) = (x1(t), ..., xN (t)). We are interested in the reunion probability, P (t,x(0),x(t)),
which can be explicitly written as
P (t,x(0),x(t)) =
∑
n
ΨN (n|x(0))Ψ∗N (n|x(t))e−tE(n) (4.8)
where ΨN (n|x(t)) is a Slater determinant
ΨN (n|x(t)) = 1√
N !
detψ(nj |xk(t)) (4.9)
and ψ(n|x) is a single-particle solution of diffusion equation in a parabolic confining po-
tential:
− 1
2
∂2
∂x2
ψ(n|x) + ω2x2ψ(n|x) = Enψ(n|x) (4.10)
Solving (4.10), one gets
ψ(n|x) = Hn(x)e−x2/2 (4.11)
where Hn(x) are the Hermite orthogonal polynomials which satisfy the three-recurrence
relation
Hn+1(x) = 2xHn(x)− 2nHn−1(x) (4.12)
The explicit expressions of the eigenvalue, En, and corresponding eigenfunction, ΨN (n|x(t)),
in (4.9), are
En ≡ En1,...nN =
N∑
k=1
nk
ΨN (n|x(t)) = 1√
N !
N∑
1≤n1≤...≤nN
∣∣∣∣∣∣∣∣∣∣
Hn1(x1) Hn1(x2) ... Hn1(xN )
Hn2(x1) Hn2(x2) ... Hn2(xN )
...
...
...
HnN (x1) HnN (x2) ... HnN (xN )
∣∣∣∣∣∣∣∣∣∣
e
−ω2
2
N∑
n=1
x2n(t)
(4.13)
Substituting (4.13) into (4.9), we get the expression of the reunion probability, which essen-
tially simplifies in the case t→∞ because in this limit only the ground state wavefunction
with ngr = (n1 = 1, n2 = 2, ..., nN = N) survives in the sum (4.9). Thus, in the limit
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t→∞ one has for the reunion probability
ΨN (x) ≡ lim
t→∞ΨN (n|x(t)) ∝ ΨN (ngr|x) Ψ
∗
N (ngr|x(t)) =
∣∣∣∣∣∣∣∣∣∣
1 1 ... 1
x1 x2 ... xN
...
...
...
xN−11 x
N−1
2 ... x
N−1
N
∣∣∣∣∣∣∣∣∣∣
2
e
−ω2
N∑
n=1
x2n
=
∏
k>j
(
xk − xj
)2
e
−ω2
N∑
n=1
x2n
(4.14)
Now we can ask a question about the ”conditional reunion probability”, ΨN (x1 < x2 <
... < xN < L), where L is the location of the upper boundary for the topmost fermionic
path - see the Fig.7. The bunch of N fermion worldlines lives in the quadratic potential
well, U(x1, ...xN ) = ω
2
∑N
j=1 x
2
j , schematically shown by the gradient color in the Fig.7,
which prevents the fermion paths to escape far from the region around x = 0. So, one
can say that the fermion trajectories are ”softly” supported from below, while ”rigidly”
bounded from above.
t  
x
...
...
...
...
...
L
0
Figure 7. The bunch of long fermion paths on an infinite support in a quadratic potential. The
topmost line is bounded from above at the distance L from the origin.
The critical behavior in this system is formally identical to the one in the bunch of
fermion paths of finite length under the constraint x1 < x2 < ... < xN < L on the position
of the upmost line. Comparing (B.8) and (3.10), and taking into account that for VW
ensemble the transition occurs at the point given by (2.8), we can conclude that the DK
transition point in harmonic potential on the line in the limit t → ∞ is defined by the
relation
ω2
pi2
N = 1 (4.15)
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5 2D Yang-Mills theory and vicious walks in the hydrodynamic approach
5.1 Complex Hopf equation
So far we were concerned mainly with the asymptotic behavior of the normalized partition
function of a 2D Yang-Mills theory on a cylinder, sphere or a disc with the U(N) gauge
group, or equivalently, of a reunion probability of N one-dimensional directed vicious walks
on a periodic lattice with specific out-of-equilibrium distribution of extremities. We have
shown that the meaning of the DK phase transition is different in the Yang-Mills and in
the vicious walks terms: for 2D YM theory the DK transition is the transition between
the strong and weak coupling regimes, while for the VW and SLE the DK transition can
be interpreted as a kind of the ”orthogonality catastrophe” [31], commented below.
The duality between ”quantum mechanical” (Schro¨dinger) and ”probabilistic” (Fokker-
Planck) descriptions of the reunion probability, P (t,x) ≡ P (t, x1, ...xN ), enables us to study
the DK transition not only in terms of the normalized partition function of the system, but
also in terms of correlation functions. Below we pay the most attention to the one-point
correlation function, p(t, x), defined as follows:
p(t, x) = N−1
∫ N∏
j=1
dxj P (t, x1, ...xN )
N∑
j=1
δ(x− xj) (5.1)
The one-point density can be expressed via the resolvent. Supposing x to be complex and
performing the Hilbert transform,
u(z, t) =
∮
dx
p(x, t)
z − x
where p(x, t) is the one-point correlation function of the ensemble (3.10), we arrive in
the thermodynamic limit N → ∞ to the complex-valued Burgers-Hopf equation for the
function u(z, t) (see [4, 33])
∂u(z, t)
∂t
− u(z, t)∂u(z, t)
∂z
= 0 (5.2)
One can split the function u(z, t) in a real and complex parts, u(z, t) = ipiρ(z, t) + v(z, t),
where ρ(x, t) is the density, and v(x, t) is determined as v(x, t) = ∂Π∂x where Π(x, t) is the
conjugate momentum:
{ρ(x, t),Π(y, t)} = δ(x− y) (5.3)
The equation (5.3) can be obtained from the collective field Hamiltonian of Das-Jevicki-
type [66]
H(ρ, pi) =
∫
dxρ(x)
[(
∂Π
∂x
)2
− pi
2
3
ρ2
]
(5.4)
Still there is no viscosity in (5.2)–(5.4), however below we comment on its role as the effect
of 1N corrections.
What kind of critical behavior is known for the Hopf equation? The most famous
pattern is the so-called ”overturn” phenomena. Smooth initial configuration in the Burgers-
Hopf equation gets overturned at some finite time in a free space and corresponding solution
– 28 –
becomes multivalued (see [49] for review). However, other critical pattern can occur when
considering the Hopf equation on a circle. The initial condition, localized at some initial
point, splits into two parts and spreads along the circle in in opposite directions as the
time evolves. At a finite time moment two fronts moving towards each other, collide
somewhere. Such critical behavior is known in the hydrodynamic description of two Bose-
Einstein condensates (BEC). There are several phenomena which could be registered at
a collision of two condensates , including creation of quantum shock waves and ”vortex
loops”, as well as so-called ”soliton trains”. Let us note that the DK transition on an
infinite line in a harmonic trap considered in the previous section, cannot be interpreted
as a ”gap closure” and only the ”overturn” phenomenon is expected at the critical point.
The collision of fronts has been interpreted as the DK phase transition in [4], see also
[33]. It was identified as follows. The density of fluid ρ(x) in the hydrodynamic description
is dual to the saddle point Young diagram ρY (x),
piρY (−piρ0(x)) = x (5.5)
where ρ0(x) is the solution to the equation of motion in the collective fields theory taken at
a middle time. In terms of the Young diagram, the DK transition corresponds to emergence
of the plateau region and two-cut elliptic solution. It was argued in [4] that such a behavior
can be interpreted as the ”gap closure” in the fluid density on the circle at strong coupling,
meaning that at some finite time the whole circle becomes filled by the fluid of strong
coupling phase. The time of a ”gap closure” corresponds to the DK transition point.
It is worth interpreting this phenomena in terms of vicious Brownian walks aka world
lines of free fermions. In the case of free fermions on the circle, the critical behavior is
formulated as follows. We start with the properly prepared initial configuration and ask
the following question: what is the probability to reach the specific final state at some
given time? It is this probability which enjoys the critical behavior at the ”head collision”
regime. This criticality is the manifestation of a sort of ”incommensurability” between
distribution of extremities and the parameters of the system (world line length, diffusion
coefficient, size of the lattice). Certainly, there is no such critical behavior for finite N , it
is purely collective effect emerging at N →∞.
Related problem has been discussed in [31] where this formulation of problem has been
considered in the context of the ”orthogonality catastrophe”. To explain it in the hydro-
dynamic terms, it is convenient to use the fermion language for the integrable hierarchies.
The generic τ -functions allows the representation as the matrix elements of the fermion
operators
τn(tk) =
〈
n
∣∣∣∣∣∏Ψ(xi) exp
(∑
p,q
Ap,qψ
+
q ψp
)
exp(tkJk)
∣∣∣∣∣m
〉
(5.6)
where the coherent state is parametrized by the Ap,q. There are several different represen-
tation of τ functions, however in any case it is just some fermionic matrix element where
the chiral fermions live on the punctured sphere. This formulation fits with the problem
under consideration. Indeed, we have matrix elements when the number of fermions is the
same in the initial and final states and the fermionic initial and final states are specially
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prepared. It is convenient to consider the semiclassical limit, where once again we get the
Burgers-Hopf equation for the dependence of the matrix element on the ”time” variables
[31]. In the quantum case the shock wave in the Hopf equation gets substituted by the
quantum shock wave and the semiclassical behavior does not work in the critical region.
If we consider the Calogero case where the fermions get substituted by the particles
with anyonic statistics, the equation of motion in the collective field theory gets generalized
to the Benjamen-Ono equation [32]
∂u(t, z)
∂t
= u
∂u(t, z)
∂z
+
∂2uH(t, z)
∂z2
(5.7)
where uH(t, z) is the Hilbert transform
uH(t, z) =
1
pi
P
∫
dz
u(t, z′)
z − z′ (5.8)
Once again, there is a kind of ”head collision” phenomena, however the interaction amounts
to another ”resolution of the singularity”: instead of entering into the pure quantum region
producing quantum shock waves, the system remains semiclassical and the new solution,
the ”solitonic train” is developed. Moreover, the critical value of the time at which the
regime get changed, is finite. As we have seen above, the critical time in the Calogero
case, is the free one divided by the Calogero coupling constant, t
(β)
crit = β
−1tcrit. Hence,
we can talk about the critical behavior in the coupling constant. It is this formulation as
criticality in the coupling constant, which is used in the similar situation for the nonlinear
Schrodinger equation.
The most difficult question concerns the interpretation of strong coupling phase driven
by the instantons. Since here we stay in the frameworks of the hydrodynamic description,
the proper pattern for the instanton driven phase has to be recognized. There are several
conjectures concerning the strong coupling phase of the hydrodynamical description in the
literature. It was suggested in [33] that a kind of turbulent behavior is developed with
the inverse cascades. A bit different picture has been mentioned in [34] when the strong
coupling phase was related to the formation of a kind of the chiral condensate breaking
the global U(1) symmetry. We suggest in Section 6 that a kind of superfluid component
has been created upon the collision of two shocks (i.e. in the gap closure). This conjecture
is based on the relation between the superfluid density and the winding distribution. Let
us emphasize the we mean the so-called the non-equilibrium superfluidity when it emerges
in the state out-of -equilibrium. In our case we start with very specific state slaved in a
narrow region. When the system gets released, we arrive at a very specific head collision
phenomena which forces the creation of the superfluid component. Nevertheless, the term
”superfluidity” we exploit below, should be used with some caution.
5.2 Hydrodynamic limit with of VW with N−1-corrections and generating
function of area-preserving Brownian Excursion
It is useful to compare the effect of viscosity on the both sides of the RW-YM correspon-
dence. In 2D YM the viscosity has been identified as the effect of 1/N corrections in the
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collective field theory [71] ν = 1N . Let us consider that the viscosity can be considered as
the 1N effect on the RW side as well. To this aim it is convenient to consider the asymptotics
(B.11) which describes the scaling of top line in a bunch of directed vicious walks. Pro-
ceeding as in [72], take the ensemble of N vicious walkers, define the averaged position of
the top line and consider its fluctuations near the averaged position. In such a description
all vicious walkers lying below the top line play a role of a ”mean field”, which pushes the
top line to some ”atypical” equilibrium position, around which it fluctuates. This point of
view is schematically illustrated by the Fig.8, where in Fig.8a we have a bunch of N vicious
walkers of length t fluctuating in within the strip of width L, while in Fig.8b we have a
single random walk of the same length, t with fixed area A under the curve fluctuating
within the strip of width L.
t
t
x x
(a) (b)
L L
Figure 8. a) Reunion of a bunch of N random walks of lengths t each within a strip of width L,
b) Probability of a Brownian excursion of length t with fixed area A measured in terms of filled
plaquettes along the dotted lines under the curve within the strip of width L.
It is naturally to suppose that the fluctuations of the top line in a mean-field approxi-
mation have the same scaling as the fluctuations of the ”inflated” Brownian excursion with
fixed area under the path. One actually can show that, following the line of reasoning of the
work [33]. The solution of the inviscid Burgers equation (5.2) is u0(x, t = N) =
x
2N±
√
x2−4N
2N
and gives the Wigner semicircle law centered at the point x2N . One can smear the function
u0(x, t) near the boundary value, x = xc = ±2
√
N , adding by hands the Gaussian fluctu-
ations, i.e. passing to the Burgers equation with a weak negative diffusivity (0 < ν  1),
∂u(x, t)
∂t
+ u(x, t)
∂u(x, t)
∂x
= −ν ∂
2u(x, t)
∂x2
(5.9)
It is known that negative diffusivity is responsible for the turbulence [73]. Seeking for
weakly perturbed solutions of Burgers equation near the top line, (t = N), in the form [33] x = xc + ν
αy = 2t1/2 + ναy;
u(x, t) =
xc
2t
+ νβw(s, t) = t−1/2 + νβw(y, t)
(5.10)
and substituting the ansatz for u(x, t) into the viscous Burgers equation, one gets the
equation for w(y, t), which for α = 2/3, β = 1/3 and appropriate boundary conditions is
transformed in the limit ν → 0 into the dimensionless Ricatti equation [33]
− yt−3/2 + 1
2
w2 + ∂yw = 0, (5.11)
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having the solution (for t = N)
w(z) = 2
d
dz
ln Ai(2−1/3z) z = yN−1/2. (5.12)
One can recognize in (5.12) the singular part of the grand partition function of the ”area+length”–
weighted Brownian excursions (Dyck paths). Thus, one can straightforwardly identify
Z(s, q) with u(y,N) = N−1/2 + ν1/3w(y,N) under the following redefinitions:{
1− q ↔ ν,
1
4 − s ↔ 2−7/3yN1/6.
(5.13)
where q is the fugacity of the area A and s is the fugacity for length, t. The area fugacity
defines the mean area under the trajectory which is is fixed by the total number of walkers.
Indeed the viscosity involved has the 1/N scaling behavior.
The connection between the bunch of vicious walks in the strip, and Dyck paths with
the fixed area in the strip is considered in the Appendix B. We outline there the computa-
tion of the partition function Z2n(A) of 2n-step directed random walk with the fixed area,
A in the strip of width L on the square lattice tilted by pi/4 as shown in the Fig.8.
6 DK transition for black hole partition function
In this Section using the relation between the magnetically charged extremal BH and 2D
q-YM theory we will make a conjecture concerning the meaning of DK phase transition
at BH side and the Browinian stochastic dynamics of the branes representing magnetic
charges of BH.
6.1 BH partition function in mixed representation
Consider the partition function of the extremal N = 2 black hole with the electric, pi, and
magnetic, qi, charges. The extremal charged SUSY BH in four dimensions is created by N
magnetic D4–branes wrapped around the non-compact four manifold C4 = O(−p)→ CP 1
in the internal non-compact CY space M = O(p− 2)×O(−p)→ CP 1. The moduli of the
extremal BH solution are fixed by their charges via attractor equations. The topological
string on the manifold M engineers the U(1) N = 1 SYM theory on R4 × S1 and the
parameter p in the CY geometry corresponds to the coefficient in front of 5D Chern-
Simons term. The Ka¨hler modulus of CP 1 corresponds to the 5D gauge coupling constant.
The non-compact D4 brane corresponds, from the 5D gauge theory viewpoint, to a local
infinitely heavy particle in R4. D2 branes wrapped around CP 1 correspond to the gauge
theory instantons which carry the electric charges QE = pQtop due to the Witten effect.
Define the entropy as a function of its charges, S{pi, qi} which counts the bound states
multiplicity of electric D0 and D2 branes on the D4 brane. Formally we add the observables
corresponding to the D0 and D2 branes into the topologically twisted N = 4 SYM on the
D4 brane with S2 × C worldvolume. The entropy of the 4D BPS black hole [17] can
be written in terms of asymptotic values of the moduli in vector multiplet parameterized
by the complex variables Xi. The dual variable are defined through the prepotential F0,
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XD,i =
∂F0
∂Xi
. The real parts of the periods are fixed by the attractor equations in terms of
the electric and magnetic charges of the black holes (pi, qi)
pi = Re[CXi] (6.1)
qi = Re[CXD,i] (6.2)
where C - is constant. The Bekenshtein-Hawking entropy reads as
SBH =
Area
4
= iCC¯(X¯iXD,i −XiX¯D,i) (6.3)
and can be also written in terms of the holomorphic volume form of Calabi-Yau
SBH =
∫
Ω ∧ Ω¯ (6.4)
Let us introduce the variables φi, χi as imaginary parts of the periods{
CXi = pi +
i
piφi
CXD,i = qi +
i
piχi
(6.5)
The variables φi, χi have the meaning of the chemical potentials for the magnetic and
electric charges. The BH entropy can be defined via the Legendre transform
SBH(p, q) = F(φ, p)− φi ∂F
∂φi
(6.6)
in terms of the prepotential taken in the mixed representation which is related to the mixed
partition function of the black hole
ZBH(φi, pi) =
∑
qi
Ω(pi, qi) exp(−φiqi) (6.7)
as follows
ZBH(φi, pi) = exp(F(φi, pi)) (6.8)
One can also consider the dual polarization for the partition sum of the black hole ZD,BH(χi, qi)
which depends on the magnetic charges and the electric chemical potentials.
Remind that the microcanonical entropy of the black hole is conventionally defined as
logΩ(qi, pi) and doesn,t generically coincide with the Bekenshtein-Hawking entropy. It is
important that the black hole degeneracies have an interesting interpretation as the Wigner
function of the Whitham dynamical system taken at the attractor point
Ω(qi, pi) =
∫
dyeipyΨ(q + iy)Ψ(q − iy) (6.9)
where Ψ(q) can be considered as the wave function for the Whitham theory in the particular
polarization. Equivalently, it has the meaning of the wave function of the topological string
on the CY manifold.
It is worth emphasizing that there are D2 branes with different orientations. Later
we shall be interested in the particular one representing the 2D YM instantons in the D4
worldvolume theory. The convenient analysis has been performed in [58] where it was
shown that the 2D instantons get lifted to the t’Hooft loops linked with S2 in the D4
worldvolume theory.
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6.2 ZBH = Zq2dYM
The key point is the identification of the BH partition function in the mixed representation
with the 2D q-YM on some Riemann surface. The terms in the action on D4 brane wrapped
C4 involve the chemical potentials for the electric charges
δS =
1
2gs
∫
C4
TrF ∧ F + θ
gs
∫
C4
TrF ∧K (6.10)
where K is the Ka¨hler class of the submanifold inside C4. The path integral with this
action turns out to coincide with the partition function of 2dqYM and reads as
ZBH = Z
qY M =
∑
q1,q2
Ω(q0, q1, N) exp
(
−4pi
2
gs
q0 − 2piθ
gs
q1
)
(6.11)
where Ω(q0, q1, N) can be identified as the degeneracy of D0→ D2→ D4 bound states with
charges (q0, q1, N) correspondingly. The partition function involves the chemical potentials
for D0 and D2 branes
φ0 =
4pi2
gs
φ1 =
2piθ
gs
(6.12)
The topological string coupling gs is related with the 2d YM coupling gYM via relation
g2YM = pgs (6.13)
6.3 DK for black hole
Let us comment qualitatively on the following question postponing more detailed analysis
for the separate study: ”What happens with the magnetically charged BH at the transition
critical line?”. First consider the equation defining the critical line in the q-YM:
Acrit = p
2 log
(
1 + tan2
(
pi
p
))
, p > 2 (6.14)
where the magnetic N D4 branes are wrapped around O(−p)→ CP 1 in CY. The critical
point in pure YM is restored at p→∞ limit when gsp remains finite.
As in the q-YM case we expect the chain of phase transitions when the different color
orientations of ”monopole” D2 branes representing instantons in the 2D YM and ’t Hooft
loops in 4D SU(N) theory on D4 branes dominate. Let us emphasize that the ’t Hooft
loops are linked with the D2 branes wrapping S2 [58] that is with bulk instantons in the
5D gauge theory at R4×S1. It is interesting that we therefore get the linking of the electric
and instanton degrees of freedom corresponding to two types of D2 branes.
In terms of the ”monopole” D2 branes the DK phase transition sounds as follows.
Consider the BH with large magnetic charge Qm = pN and vary the chemical potential for
the D0 branes which is the Ka¨hler class of the base sphere. At some value of the chemical
potential we fall into the strong coupling phase driven by the t’Hooft monopole loops in
representation with some charge vector. In the next section we shall conjecture that a
kind of the superfluid component is developed. From the observer at the BH the transition
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looks as sudden transition from the electrically neutral BH to the state with the Gaussian
distribution of the charges corresponding to the ’t Hooft loops on D4 branes.
We can speculate that the DK transition in the extremal magnetic BH corresponds
to the transition discussed in [52]. For the electrically charged BH there is so-called su-
perconducting phase transition (see [55] for the review) which corresponds holographically
to the transition to the superconducting state in the boundary theory. The physics in
the bulk behind this transition allows the following interpretation. At some value of the
chemical potential it becomes favorable for the BH to polarize the bulk, and the electric
charge at the horizon gets screened while the effective condensate of the charged scalar in
the bulk emerges. In the magnetic case, we expect a similar picture: let us start with the
magnetically charged BH and vary the parameters of the solution. At the critical point it
becomes favorable to have monopole wall instead of the extremal magnetic BH. Similarly,
we have magnetic polarization of the bulk, the horizon gets discharged, and a kind of the
monopole condensate emerges in the bulk. The transition in the flat space takes place at
v = cgs (6.15)
where v is VEV of the scalar. Therefore, we have some matching with the above conjecture.
The value of the scalars from the vector multiplet are fixed by the attractor mechanism.
On the other hand, in [52] the scalars from nonabelian group are fixed at the transition
point as well.
6.4 BH and random walks
Since we know the relation between the partition function of the q-YM and the Brownian
reunion probability, we can question about the stochastic random walk interpretation of
the black hole entropy counting. Remind that the near horizon geometry of the BH is
AdS2×S2 and the entropy counting certainly is related to the AdS2 part of the geometry.
Another inspiring relation concerns the interplay between the BH partition function and
c = 1 string at selfdual radius [18]. The fermion representation of c = 1 model is related
with the fermion representation of the 2D YM theory on the sphere.
So far, the random walk interpretation of the BH entropy concerns the behavior of the
long string near the BH horizon at the almost Hagedorn temperature. The idea goes back to
[45] when it was suggested that the BH entropy comes from the degeneracy of the states of a
single long string wrapped the BH stretched horizon. In [46] dealing with the representation
of the string gas, it was argued that the single long string behaves as the random walker,
and the string with unit winding number dominates near the Hagedorn transition [47].
This winding mode corresponds to the thermal scalar which becomes tachionic at the
Hagedorn temperature. The picture of the wound long string as the random walker has
been generalized for more general geometries in [48]. In particular, the relation between the
Hagedorn and Hawking temperatures plays the key role for establishing this correspondence
for the non-extremal black holes [48].
The discussed picture becomes more rich in our case for extremal magnetically charged
BH. First of all let us emphasize that so far we considered the Brownian D4 branes which
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undergo the stochastic dynamics. Moreover, we have large N number of Brownian branes.
The Brownian D4 branes are extended in CY space and the stochasticy comes from the
interaction with the strings. Since we are looking for the extremal BH the Hawking temper-
ature vanishes. Each Brownian brane carries a huge multiplicity due to the bound states
with D2 and D0 branes and additional t’Hooft loops.
Since the mixed partition function of the BH Z(N + iφ0) can be identified with the
reunion probability of N stochastic fermions on a circle for the time T , Preun(N,T ), to
get the Bekenstein entropy as the function of the magnetic and electric charges S(N,QE)
we have to perform the Laplace transform with respect to the electric chemical potential.
On the other hand since we have identified the electric chemical potential with the time
of reunion on the RW side we have to perform the Laplace transform with respect to the
reunion time T∫
dT exp(−ET )
〈
N, x = 0|e−HˆT |N, x = 0
〉
∝ Tr
(
1
Hˆ − E
)
(6.16)
Hence we get the resolvent for the system of N non-interacting fermions and the energy E
plays the role of the electric charge QE at the BH side. The imaginary part of the resolvent
indeed is the density of states at the fixed ”‘electric charge E”. We restrict ourselves here
with these preliminary remarks concerning the mapping the BH entropy and the reunion
probability postponing it to the separate study.
Could we make any link of our picture with the previous long string one? The following
possibility can be mentioned. We could expect that the stochastic Brownian description
deals with a kind of holographic picture in AdS2 geometry. The Brownian walker has been
identified with the stochastic motion of the end of the string extended in radial coordinate
from the boundary to the stretched horizon [38, 39]. Since we have large N stochastic
fermions at the boundary we have large N strings extended in the AdS2 along the discussion
about SLE above. In principle we could imagine that this strings joins together in the bulk
forming one long string touching the boundary at N points. In this case the winding of the
N -fermion states corresponds to the winding of the single long string. However certainly
much more detailed analysis is required to support this possibility.
7 Topological susceptibility – the way to superfluidity
7.1 Winding distribution in superfluid
In this Section we conjecture that the instanton driven strong coupling phase enjoys a kind
of the superfluid component. The ground for this conjecture comes from the particular rep-
resentation of the density of the superfluid component [59–61] in terms of the microscopic
degrees of freedom which we shall briefly remind now.
In the context of superfluidity there are two ways to introduce the superfluid density.
One of them is defined in terms of the effective macroscopic low energy mean field theory
described in terms of the complex field Ψ(x) which can be considered as the condensate
wave function. Its phase Φ provides the description of the superfluid component. In
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particular the current is defined as
J = γ|Ψ|2(∇Φ(x)−Ag(x)) (7.1)
where γ = ~m and Ag(x) is the auxiliary gauge field which is known as the graviphoton
field. It corresponds to the particular deformation of the flat metric
ds2 = dt2 − (dx−Agdt)2 (7.2)
and its curvature defines the angular velocity vector Ωi :
Ωi = ijk∂jAg,k (7.3)
Remind that the superfluidity can be considered as the nontrivial response to the external
graviphoton field in the same sense as the superconductivity is the nontrivial response to
the external electromagnetic field. The superfluid density is defined via the following term
in the effective action
Feff =
ρS
2
∫
dx(∂xΦ)
2 (7.4)
Since we are dealing with the one-dimensional system the validity of this definition requires
the additional condition of long relaxation times of the current states labeled by the integer
topological number
I =
1
2pi
∮
∂xΦ (7.5)
The superfluid velocity equals to
vs = γ
〈I〉
Lx
(7.6)
Contrary to the mean field effective description of the superfluid density, the micro-
scopic definition concerns the first quantized language and involves the statistics of the
total worldline winding number M =
∑N
i=1 ni, where ni is the winding of the individual
degree of freedom. To count the individual windings it is useful to introduce the Wilson
loop of the graviphoton gauge field along the closed path∮
Agdx = φ0 + 2piK (7.7)
where K is an integer and φ0 is a twist. For the homogeneous system with periodic
boundary conditions along the x-axis the twist corresponds to the particular gauge potential
Ag,x = φ0/Lx (7.8)
where Lx is the system size in this direction. Equivalently, the twist can be defined via
nontrivial boundary condition for the wave function. According to (7.1) the system features
a uniform flux proportional to the twist φ0. In the case of the torus geometry the persistent
current through the torus cross section can be expressed as
J =
∂F
∂φ0
(7.9)
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where F is the free energy of the system.
The response of the system to the twist serves as second tool to describe the superfluid
component and it relates the macroscopic and microscopic descriptions. Introduce the
topological susceptibility
ρφs =
L2x
γV
d2F
d2φ0
∣∣∣∣
φ0=0
(7.10)
The statistical distribution of the macroscopic topological number I in x-direction in the
superfluid is
P (I) ∝ exp
(
−γρsV (2piI + φ0)
2
2TL2x
)
(7.11)
where ρs is density of the superfluid component and T is a temperature.
To fit together the microscopic and macroscopic descriptions it is convenient to ex-
ploit two representations of the θ-functions which relate the statistical distributions of the
macroscopic topological number I and the total winding number M in the microscopic
description
Z(φ) ∝
I=+∞∑
I=−∞
exp
(
− ρs
2RT
(2piI − φ)2
)
=
M=+∞∑
M=−∞
exp
(
−RT
2ρs
M2 − iMφ
)
(7.12)
In what follows we shall use the occurrence of the Gaussian distribution over the total
microscopic winding number M in the instanton driven phase above the DK transition
point as the indication of the non-vanishing superfluid density.
It is remarkable that the topological susceptibility is closely related to the density of
superfluid component [59, 60]. In d ≥ 3 ρφs = ρs while in lower dimensions they do not
coincide however the relation holds [62]
ρφs = ρs
(
1− 4pi
2γρs
〈
I2
〉
TL2x
)
(7.13)
Therefore the non-vanishing topological susceptibility implies the non-vanishing density
of the superfluid component. Let us emphasize that in the one-dimensional space the
superfluidity is a subtle phenomena and not all typical superfluid phenomena hold in 1+1.
It was argued that the drug force could substitute the order parameter [74] however the
susceptibility as the measure of the superfluid density still works.
7.2 θ-term versus twist in superfluid
Let us demonstrate a close analogy between the twist and the conventional θ-term in the
2D YM theory, which implies that the non-vanishing topological susceptibility in the 2D
YM theory can be considered as the counterpart of the superfluid density. The θ-term can
be added to the 2D YM action as a chemical potential for the topological charges of the
abelian instantons, which are classical solutions to the equations of motion in the 2D YM
on S2. In the Hamiltonian framework the θ-term enters in the following way:
Zg =
∫
[dA][dΦ] exp
(∫
σg
dσTr ΦF + g2YMTr Φ
2 + θTr Φ
)
. (7.14)
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and the partition function reads
Zg(gYM , A, θ) =
∑
n
∆2−2g(n) exp
(
−Ag2YM
∑
n2i − iθ
∑
ni
)
(7.15)
where θ parameter plays the role of the chemical potential for the total U(1) instanton
number.
What is the counterpart of the θ parameter for the vicious walkers? Comparison with
the instanton representation of YM partition function yields the following term in the
Lagrangian of the particle system on a circle
∆L = θ
∑
i
x˙i
∑
k
exp
(
−N(y − x+ 2pik)
2
2t
+ 2piikθ
)
(7.16)
Therefore the YM-VW mapping implies that θ-term is the chemical potential for the total
winding in the random walk problem similar to the twist φ0 mentioned above.
Now we are at position to utilize the relation (7.13) in the YM and VW frameworks.
The key point is that the distribution of microscopic total winding number in RW or
topological charge in 2D YM can be obtained explicitly [57]. At t < tc = L
2/4N , the
probability for a system to have a non-zero winding is exponentially small,
P(M = 0) = 1−O(e−cN ). (7.17)
Near the critical time, t = tc, there are finite probabilities to get M = 0,M = 1,M = −1
P(M = 0) = 1− q(s)
21/3N1/3
+ ...; P(M = 1) = P(M = −1) = q(s)
24/3N1/3
+ ... (7.18)
where q(s) is the solution to the Painleve II equation
q′′(s) = sq(s) + 2q(s)3 (7.19)
which has the Airy asymptotics
q(s) = Ai(s), s→ +∞ (7.20)
The variable s is defined as follows
t = pi2
(
1− s
(2N)2/3
)
(7.21)
Let us emphasize that
〈
M2
〉 6= 0 at the critical point.
At t > tc, the probability to have a specific total winding number M is given by a
Gaussian distribution centered at zero,
P(M) = Ce−κM
2
+O(N−1). (7.22)
where κ is an implicit function of t, given in terms of full elliptic integrals:
κ = −piK(k
′)
K(k)
, t = 8E(k)K(k)− (1− k2)K2(k), k′ =
√
1− k2. (7.23)
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Hence we can map the strong coupling phase with the superfluid density
ρ−1s =
piK(k′)
K(k)
(7.24)
and the very DK transition acquires the interpretation as transition to the superfluid phase.
Let us emphasize that our consideration can be considered as the evidence in favor of the
superfluid interpretation of DK transition however more detailed study is required.
7.3 Comment on the BEC conjecture for Black Holes
Recently the new conjecture concerning the microscopic degrees of freedom at the BH
horizon has been formulated [63]. It was supposed that the horizon can be interpreted as the
BE condensate of gravitons at the quantum phase transition point. The BE condensate can
be effectively described by the Gross-Pitaevsky Hamiltonian or the nonlinear Schro¨dinger
system which can be thought as the thermodynamical limit for the many-body Lieb-Liniger
system on the circle
H =
∑
i
∂2i + c
∑
i 6=j
δ(xi − xj) (7.25)
It is assumed that coupling c corresponds to attraction. It is known that the BES undergoes
the transition from the homogeneous phase to the bright soliton inhomogeneous solution.
The system can be solved via Bethe anzatz equations which reads as
eikiL =
∏
i 6=j
ki − kj − ic
ki + kj + ic
(7.26)
and have been recently analyzed in the thermodynamical limit [64]. It was argued that
the saddle point solution looks as the saddle point solution in the 2d YM matrix model
representation of the partition sum
gk = 2
∫
ρ(u)du
k − u (7.27)
where g = cLN = const. Hence the transition to the inhomogeneous solitonic phase of BEC
presumably can be considered as an analogue of the DK phase transition which however is
of the 2nd order in BEC case.
The BEC and superfluidity have the close cousin hence it is natural to look for the
possible link with the current study. We have nothing to say about the condensate of
gravitons however the relation of Lieb-Liniger system with Yang-Mills theory provides some
interplay with BH with large magnetic charge discussed above. The quantum Lieb-Liniger
system is closely related with the deformed quantum 2d gauge topological theories [65].
Namely the Bethe anzatz equation defined the ground state of 2d topological YM theory
coupled with the additional Higgs field in adjoint representation. It can be considered as
the large k limit of Chern-Simons-Higgs system. The mass of the Higgs field corresponds
to the coupling constant in Lieb-Liniger system therefore the decoupling of the Higgs field
in the gauge theory corresponds to the infinite coupling in the many-body system. It is
known that in this limit the Lieb-Liniger system gets reduced to the system of free fermions
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via the Tonks-Girardeu transform in agreement with the free fermion representation of the
CS and topological 2d YM theories without the Higgs field.
We would like to keep coupling finite and question if the Lieb-Liniger system has
something to do with the BH horizon as suspected in [63].The free fermion limit certainly
provides the starting point - we deal with the BH with large magnetic charge N. As before
we have to consider the ensemble of BH fixing the chemical potentials of electric charges. In
this case we have to consider the refined BH ensemble considered in [9] which involves the
additional chemical potential responsible to the angular momentum of the BH. Once again
a kind of refined index is evaluated at the BH side. The proper limit of BH parameters
has to be identify the Lieb-Liniger system. To this aim note that the LL system is closely
related to the p-adic zonal spherical functions while the Macdonald polynomials interpolate
between the p-adic and quantum groups [82]. The refined BH ensemble is related to the
(q,t) deformed 2d YM theory and the LL corresponds to the particular degeneration of
parameters.
Collecting these arguments together we could suppose the following picture. Since the
conventional gauge coupling in 2d YM is switched off (p = 0) [65] in derivation of LL system
we can conclude that the chemical potential for the electric charge vanishes. However the
mass of the additional Higgs field is present which implies that the chemical potential for
the angular momentum is present. Hence we can conjecture that the approach of [63]
could be related to the BH (or heavy particle with large entropy) with large N magnetic
charge and the chemical potential for the angular momentum. The critical behavior in
the LL system corresponds to some critical behavior of the ensemble of the magnetic BH
with chemical potential for the angular momentum. It would be interesting to clarify the
physics behind this transition at BH side.
7.4 Towards the Anderson localization?
The challenging open question concerns the relation of the DK-type transition with the
Anderson localization. It is well known that the problem of statistics of a bunch of vi-
cious walks is deeply connected to the statistics of directed polymer in quenched random
environment. In the replica calculation of the free energy, one can associate each random
walk trajectory with a particular replica. The effective interaction between replicas is in-
duced by presence of a common quenched environment. In [76] it has been shown that the
free energy, F , of a directed polymer of length n averaged over the uncorrelated quenched
random potential with the Gaussian distribution, scales as
F (n) = f0 n+ f n
1/3 (7.28)
where f0 and f are some constants independent on n. The comprehensive analysis of the
distribution function P (F ) was published in the pioneering works [77] (see also [78]), where
the derivation of the distribution function P (F ) in the frameworks of the replica approach,
has been linked to the correlation function computation for some determinant process (for
determinant process see, for example, [19]). The finite size scaling behavior (7.28) rewritten
as ∆F (n) = F (n)−F0(n) = f n1/3, where F0 = f0 n, can be qualitatively understood even
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beyond the heavy machinery, since the n→∞ tail of the distribution function,
P (∆F ) ∼ e−f n1/3 (7.29)
shares very transparent interpretation in terms of random walks in quenched environment,
as communicated to us by Victor Dotsenko [79]. Namely, the probability P (∆F ) in the
one-dimensional case only can be interpreted as the survival probability of a random walk
in a quenched environment of randomly distributed traps. The typical size of a ”trap-free
cavity” is the typical distance between neighboring vicious walks. Now, the asymptotics
(7.29) follows immediately from the Balagurov-Vaks derivation of the random walk survival
probability on a line in an array of traps with the Poisson distribution. Qualitatively,
the result (7.29), can be obtained using the ”optimal fluctuation” approach [80], and is
nothing else as a ”Lifshitz tail” for some localization problem. The connection to the one-
dimensional Anderson localization becomes even more profound if considering the Laplace
transform of (7.29):
P (s) =
∫ ∞
n=0
P (∆F ) e−s n dn ∼ exp
(
− c√
s
)
(7.30)
where c = c(f) > 0 is some numeric constant. The physical interpretation of the Laplace
transform (7.30) is very straightforward: we expect the behavior (7.30) for the distribution
of free energies in a canonical ensemble of noninteracting directed polymers with exponen-
tial distribution of lengths (controlled by the fugacity s), fluctuating in a quenched random
environment.
8 Conclusion
Our study provides the moderate step towards clarification the universal aspects behind
the DK phase transitions. The three systems were considered: large-N perturbed topo-
logical gauge theories, stochastic dynamics of large N random walkers with and without
interction and entropy of extremal 4D BH at large N magnetic charge. Because of their
diversity, the study provides the complimentary insights and intuition. We have no fully
satisfactory picture but our findings make some new understanding of phenomena. We
tried to interpret in physical terms several seemingly different phenomena dealing with the
DK-type transition, paying especial attention to the construction of the unified picture.
At the random walk side we discussed the dependence of the DK phase transition on
the out-of-equilibrium boundary conditions and reformulate the problem as a kind of the
orthogonality catastrophe for the system of the free fermions. The generalization of the
free walkers case to the stochastic process with integrable interaction has been done which
is equivalent to the consideration of the matrix model with generic β-ensemble. We treated
the Calogero and Ruijsenaars-Schneider Hamiltonians as the Fokker-Planck Hamiltonians
for the stochastic many-body systems.
We have treated the thermal and quantum noise at the equal footing since in both
cases the Langevin and FP equations rule the game. However, the interpretation of the
DK transition is very different in two cases. In the thermal case we consider the process in
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the real time and the DK transition admits an interpretation as one or another version of
the orthogonality catastrophe for the fermion gas in the simplest case. In the framework
of the stochastic quantization we deal with the stochastic or holographic time and the
DK transition acquires the new a bit counter-intuitive interpretation. It claims that some
phenomena happens at the finite holographic or stochastic time. It means the RG has some
nontrivial feature at the finite RG scale. Since the conventional stochastic quantization
implies that to get the correct measure in the path integral we have to move stochastic
RG time to infinity, the nontrivial phenomena at finite RG time warns us that the limiting
procedure has to be done with additional care.
We believe that quantization of the generic system via the matrix model and topological
strings [75, 81] provides proper language for these issues. Indeed in this approach the
quantization is performed within the β-ensemble of the large N matrix model which as we
have seen could have the DK-like transition. On the other hand the obstacle at the finite
RG holographic time is usually treated as the appearance of the BH horizon. However as
we have mentioned it is necessary to distinguish between the worldsheet horizon and the
horizon of the BH background and it is the worldsheet horizon which seems to be responsible
for the DK transition. Anyway the holographic interpretation of the DK transition certainly
deserves the further study especially due to relation with the multiple radial SLE stochastic
process.
We made a conjecture about the nature of the DK transition for the extremal BH
hole with large magnetic charge. Certainly, the additional work is required to verify it.
Potentially the question seems to be very important since on the RW side we deal with
the free fermions and one could ask the question if the formation of the BH horizon for
the magnetic BH can be described in simple fermionic terms. Since the only phenomena
which happens with free fermions, is the DK transition it is natural to suspect that it has
something to do with the horizon formation and elimination. The possible relation with the
conjectured appearance of the superfluid component, adds additional flavor to the problem
and probably some superfluid property of the BH horizon in the membrane paradigm can
be suspected.
The perturbed topological theories provide the playground for the knot invariants and
the colored Hopf links occur in the stochastic process related with the amplitude in CS
theory with particular boundary conditions [15]. It would be interesting to relate the DK
critical behavior with the critical behavior found in [35] for the ensemble or torus knots.
They can be connected since in the former case the single random walker propagates in the
region fixed by the large-N ”background”. The appearance of knot invariants seems very
interesting in the context of the magnetically charged BH, where the algebraic invariants
are related via the random walk picture to the BH entropy. This would be an analog
of the relation of torus knot invariants with the particular observables in 5D SQCD via
instanton-torus knot duality [51]. In the 5D SQCD we have considered the point-like object
inserted in R4 propagating along the M -theory circle, while in the knot-BH study we should
consider the 4d BH inserted at some point in R3 and propagating in time.
Finally note the question concerning the e−N corrections which we almost have not
touched. They contain an interesting physics in all their incarnations. In particular, they
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correspond to the creation of baby Universes at BH side [85], to the obstacle for the chiral
factorization in the 2D YM theory and to the effects of the fermion tunnelling in the context
of matrix models. It would be interesting to discuss these issues in the context of the DK
transition and in more general framework of the stochastic quantization.
The reader has certainly realized that the unifying theme for the different approaches
and viewpoints considered in the paper is the formation of a kind of horizon starting from
the state in out-of-equilibrium during the stochastic evolution. We believe that results
of the paper and the conjectures made can be of use for further-coming studies in this
direction.
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A Appendix. Multiple vicious walkers and the Fokker-Planck equation
It has been pointed out in [86] that besides the reunion probability PN (T,0,0), one can
similarly compute the joint probability distribution, PN (τ1,x,0,0) of N one-dimensional
vicious walks on the infinite line at some fixed time, τ1 = aT , where 0 ≤ a ≤ 1 where
extremities at each end of the paths are contracted to a point. The function PN (τ1,x,0,0)
reads
PN (τ1,x,0,0) = PN (τ1,0,x)PN (τ2,x,0)
∝ (a(1− a)T 2)−N2/2∏
i<j
(xi − xj)2 e−
(
1
τ1
+ 1
T−τ1
)∑N
i=1 x
2
i
(A.1)
Let us introduce the rescaled variable z = Ta(1−a), and consider slightly more general
probability distribution, namely
P˜N (z,x,0,0) ∝ z−N2/2
∏
i<j
|xi − xj |2β e− 12z
∑N
i=1 x
2
i (A.2)
which can be rewritten as
P˜N (z,x,0,0) ≡ P˜ (eq)N (z,x(z)) ∝ z−N
2/2e−2βV (x); V (x) = −
∑
i<j
ln |xi − xj |+ 1
4βz
N∑
i=1
x2i
(A.3)
It has been shown in [87] that P˜
(eq)
N (z,x(z)) in (A.3) is the stationary Gibbs measure
for stochastic evolution of the nonstationary distribution function, P˜N (t, z,x) in time, t,
P˜
(eq)
N (z,x) = limt→∞ P˜N (t, z,x) (A.4)
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where the function P˜N (t, z,x) satisfies the Fokker-Planck equation:
∂P˜N (t, z,x)
∂t
=
1
2β
N∑
i=1
∂2P˜N (t, z,x)
∂x2i
+
N∑
i=1
∂
∂xi
(
∂V (x)
∂xi
P˜N (t, z,x)
)
(A.5)
Equation (A.5) can be rewritten as
∂P˜N (t, z,x)
∂t
= LP˜N (t, z,x); L = 1
2β
N∑
j=1
∂
∂xj
(
e−2βV (x)
∂
∂xj
e2βV (x)
)
(A.6)
Writing P˜N (t, z,x) as
P˜N (t, z,x) = e
−βV (x)/2W˜ (t, z,x) (A.7)
and substituting this expression into (A.5), we get for the function W˜ (t, z,x) the nonsta-
tionary Schro¨dinger equation
∂W˜N (t, z,x)
∂t
=
1
2β
N∑
j=1
∂2W˜N (t, z,x)
∂x2j
− U(x)W˜N (t, z,x) (A.8)
where the potential U(x) has a supersymmetric structure
U(x) =
β
2
N∑
j=1
(
∂V (x)
∂xj
)2
− 1
2
N∑
j=1
∂2V (x)
∂x2j
(A.9)
For the the potential V (x) defined in (A.3) we have
U(x) = (β − 1)
∑
i<j
1
(xj − xi)2 +
1
8βz2
N∑
i=1
x2i −
N
(
(N − 1)β + )
2βz
(A.10)
One can rewrite the Schro¨dinger equation (A.8) with the potential (A.10) in dimensionless
time, σ = tβ−1. Such change of variables sets the diffusion coefficient equal to 12 as it
should be in one-dimensional lattice system:
∂W˜N (σ, z,x)
∂σ
=
1
2
N∑
j=1
∂2W˜N (σ, z,x)
∂x2j
−
 N∑
i<j
β(β − 1)
(xj − xi)2 +
N∑
i=1
x2i
8z2
− c(N)
z
 W˜N (σ, z,x)
(A.11)
where c(N) = N((N−1)β+1)2 is independent on σ and x.
Let us rescale xj =
√
zyj for all 1 ≤ j ≤ N . Due to (A.3), (A.4) and (A.7), the
equilibrium distribution of (A.11) at σ →∞ satisfies the equation
1
2
N∑
j=1
∂2W˜N (τ,y)
∂y2j
=
 N∑
i<j
β(β − 1)
(yj − yi)2 +
N∑
i=1
y2i
8
− c(N)
 W˜N (τ,y) (A.12)
whose asymptotic solution is W˜
(eq)
N (z,y) = limσ→∞ W˜N (s, z,y) = e
−βV (y) with
V (y) =
1
4β
N∑
i=1
y2i −
∑
i<j
ln |yi − yj |+ const (A.13)
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Consider now the solution of the Fokker-Planck equation at intermediate times σ, at
which the distribution function W˜N (σ, z,x) is not yet completely equilibrated. Performing
the Laplace transform of the function W˜N (σ, z,y) with respect to σ,
W˜N (p, z,y) =
∫ ∞
0
W˜N (σ, z,y) e
−pσ dσ
we arrive at the following Laplace-transformed Schro¨dinger equation (A.11) for the function
W˜N (p, z,y):
1
2
N∑
j=1
∂2W˜N (p, z,y)
∂y2j
=
 N∑
i<j
β(β − 1)
(yj − yi)2 +
N∑
i=1
y2i
8
− (c(N)− zp)
 W˜N (p, z,x) (A.14)
Now we can note that the time σ is connected in average to the parameter z. Namely,
comparing (A.12) and (A.14), we see that upon identification
c(N)− zp = z′c(N) (A.15)
the equations (A.12) and (A.14) become equivalent. Thus, the avearge time, 〈σ〉 ∼ p−1
can be identified with the parameter z′ as follows
〈σ〉 = z
c(N)(1− z′) (A.16)
Since z = Ta(1− a), we can rewrite (A.16) as
〈σ〉 = T
c(N)
a(1− a)
1− a′(1− a′) , 1− a
′(1− a′) > 0 (A.17)
Thus, if for the infinite time σ → ∞ (i.e. for the complete equilibration) we have chosen
the crossection of the bunch of vicious walks at aT , then for the partial equilibration of
the system at time 〈σ〉 ∼ p−1 we have to select a crossection a′.
The hidden supersymmetry of the Fokker-Planck equation associated with the self-
adjoint representation (A.6) and corresponding Schro¨dinger equation (A.8) with the SUSY
potential (A.9) has been discovered in [22]. The Gibbs measure corresponds to the zero
mode, which implies that the SUSY at t → ∞ is unbroken. However it was argued
in [23] that in some range of parameters, the SUSY may fail, resulting in absence of
stationary solution of the FP equation. The reason for the SUSY failure is the non-
normalizability of the solution. It was argued in [23] that the solution in the SUSY broken
phase corresponds to the steady state with the nontrivial current. Whether the SUSY
breaking can be identified with the DK transition, is an open and intriguing question.
B Statistics of area-weighted Brownian excursions paths
By definition, the Dyck path of length 2n on the square lattice starts at the origin (0, 0),
ends at point (n, n) and consists of the union of sequential elementary ”↑” and ”→” steps,
such that the path always stays above the diagonal of the square. The number of all Dyck
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paths of length 2n is given by the Catalan number, Cn =
1
n+ 1
(
2n
n
)∣∣∣∣
n1
∼ 2
2n
n3/2
. The
”magnetic” Dyck paths can be viewed as a trajectory of a charged particle on a square
lattice in an external transversal magnetic field (after applied Wick rotation), where the
motion of a particle is subject to two restrictions: it moves only up and right and never
intersects the diagonal. Calculating the action for such a particle, we see that q = eiH
(where H is the external magnetic field) is the fugacity of the area, A, under the Dyck
path, and s = em (where m is the mass of the charged particle) is the fugacity of the path
length, n. The information about the statistics of area-weighted Dyck paths can be easily
extracted from the partition function of the grand canonical ensemble,
F (s2, q) =
∑
All Dyck paths
qAs2n (B.1)
This model can be referred to as the ”chiral Hofstadter system”, considered in [88]. To
proceed with calculations, turn the lattice by pi/4 and write the recursion relation for the
partition function Zk(x; q) on a half-line, x ≥ 0, where x is the height of the path at the
step k. The area, A, below the path is counted as a sum of filled plaquettes (i.e. ”heights”)
between the path and the x = 0-axis, as shown in the Fig.8. Each plaquette carries the
weight q.
The partition function of area-weighted Dyck paths, Zk(x, q), on a finite strip satisfies
the recursion: 
Zk+1(x, q) = q
x−1Zk(x+ 1, q) + Zk(x− 1, q)
Zk(0, q) = Zk(L, q) = 0
Zk=0(x, q) = δx,1
(B.2)
Recall that by definition (B.1), F (s2, q) =
∞∑
n=0
Z2n(1, q)s
2n.
Define Z2n(q) =
(
Z2n(1, q), Z2n(2, q), ..., Z2n(L, q)
)ᵀ
and rewrite equation (B.2) in a
matrix form:
Z2n(q) = T
2n(q)Z0 (B.3)
where
TL(q) =

0 1 0
1 0 q
0 1 0
. . .
0 qL−1
1 0

; Z0 =

1
0
0
...
0
0

(B.4)
We are interested in the value Z2n(1, q) since at the very last step the trajectory returns
to the initial point.
Evaluating powers of the matrix TL, we can straightforwardly check that the values
of Z2n(1; q) at L → ∞ are given by Carlitz–Riordan q-Catalan numbers [89, 90], namely,
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Z2n(1, q) = Cn(q), (n = 1, 2, 3, ...). Recall that Cn(q) satisfy the recursion
Cn(q) =
n−1∑
k=0
qkCk(q)Cn−k−1(q) (B.5)
which is the q-extension of the standard recursion for Catalan numbers. The generating
function
F (s2, q) =
∞∑
n=0
s2nCn(q) (B.6)
obeys the functional relation
F (s2, q) = 1 + s2F (s2, q)F (s2q, q) (B.7)
The solution of (B.7) at finite L can be written as a continued fraction expansion
truncated at the etage L:
FL(s
2, q) =
1
1− s
2
1− s
2q
1−
. . .
1− s
2qL−2
1− s2qL−1
(B.8)
At L→∞ one has
F (s2, q) = lim
L→∞
FL(s
2, q) =
Aq(s
2)
Aq(s2/q)
(B.9)
where Aq(s) is the q-Airy function,
Aq(s) =
∞∑
k=0
qk
2
(−s)k
(q; q)k
; (t; q)k =
k−1∏
k=0
(1− tqk) (B.10)
In the works [91–93] it has been shown that in the double scaling limit q → 1− and s→ 12
−
the function F (s, q) has the following asymptotic form
F (z) ∼ Freg + (1− q)1/3 d
dz
ln Ai(4z); z =
1
4 − s2
(1− q)2/3 , (B.11)
where Freg is the regular part at
(
q → 1−, s → 12
−)
and Ai(z) =
1
pi
∫ ∞
0
cos(ξ3/3 + ξz) dξ
is the Airy function. The function F (s, 1) is the generating function for the undeformed
Catalan numbers:
F (s2, q = 1) =
1−√1− 4s2
2s2
(B.12)
The generating function F (s2, 1) is defined for 0 < s < 12 , and at the point s =
1
2 the first
derivative of F (s2, 1) experiences a singularity which is interpreted as the critical behavior.
The limit q = 1, s → 12
−
can be read also from the asymptotic expression for F (s, q),
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Eq.(B.11) at q → 1−, s→ 12
−
: F (s, q)
∣∣
q→1− ∼ Freg − 2
√
1− 4s2, where Freg = 2 at s = 12 .
Note that the first non-singular term in this expression does not contain q, so it is no matter
in which order the limit in (B.11) is taken. However to define the double scaling behavior
and derive the Airy-type asymptotic, the simultaneous scaling in s and q is required.
The Cristoffel-Darboux formula applied to the generating function of the recursion
(B.2) allows one to compute the kernel K(s, t) for the (1+1)D magnetic random walk in
the generating function form:
K(s, t) = lim
L→∞
KL(s, t) ≡ lim
L→∞
L∑
n=1
Fn(s
2)Fn(t
2)
= (st)2qL−1
FL(s, q)FL+1(t, q)− FL+1(s, q)FL(t, q)
t2 − s2
∣∣∣∣
L→∞
∝ s
2Aq(s
2)Aq(t
2/q)− t2Aq(t2)Aq(s2/q)
t2 − s2 (B.13)
The kernel K(s, t) in (B.13) has the structure typical for kernels of determinantal point
processes (see, for review [94]) with one essential difference: in (B.13) the kernel determines
the correlations at different fugacities s and t conjugated to different times in one point,
while in determinantal processes the kernel K(x, y) determines the correlation in different
points, x and y, at the same time.
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